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Abstract 

We investigate the first two Galois cohomology groups of p-extensions over a base field 
which does not necessarily contain a primitive pth root of unity. We use twisted coefficients in 
a systematic way. We describe field extensions which are classified by certain residue classes 
modulo p"th powers of a related field, and we obtain transparent proofs and slight generalizations 
of some classical results of Albert. The potential application to the cyclicity question for division 
algebras of degree p is outlined. 

Introduction 

Let p he a prime number, let F be a field with char{F) / p, and let Qf = Q{Fsep/F) he 
the absolute Galois group of F. It is well known that for any n S N, the continuous coho- 
mology group H^{Qf,Ij/p'^'Ij) classifies the cyclic Galois extensions of F of degree dividing p", 
while H^{Qf, fipn) = F*/F*p", where fipn. denotes the group of p"-th roots of unity in the sep- 
arable closure Fsep of F; also, H'^ {Q f , fJ-p") — p"Br{F), the p"-torsion in the Brauer group of 
F. When /ipn C F, then /ipn = TLjp^TL as trivial ^i^-modules, and the resulting isomorphism 

{Q F ■i'^ / p"^) — H^{Qft fJ-p") is the homological formulation of the classical Kummer correspon- 
dence between cyclic Galois extensions of F of degree dividing p^ and cyclic subgroups of F* /F*f'^ . 
Then also, the Merkurjev-Suslin Theorem describes pnBr(F); this depends on the isomorphism 
H'^ {Q F , fJ.p") = ), which is available because of the trivial action of Gf on fipn. 

We consider here questions concerning first and second cohomology groups with /ipn coefficients 
and concerning F* /F*^" and pnBr{F) when F does not contain a primitive p-th root of unity (so 
p 7^ 2), so that the isomorphisms just mentioned are not available. In particular, we will give an 
answer to the question: What field extensions does F*/F*^" classify when fipn ^ F7 

Since the full absolute Galois group is often too large to work with conveniently, and we are 
interested in field extensions of degree a power of p, we prefer to work with a pro-p-group instead 
of Gf- For this, let F{p) be the maximal p-extension of F, which is the compositum of all the 
Galois field extensions of F of degree a power of p, and let Gf he the Galois group G{F{p)/ F); so, 
Gf is the maximal pro-p homomorphic image of Gf- Then, H^{Gf,'^/p'^) — {G f / p"^) -, but 
*Supported in part by NSERC grant R0370A01. 
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^^H^{Gf, fJ-p^i)" is undefined since fXpn ^ F{p). We will given an interpretation of ^^H^{Gf, fJ-p")" 
in this context, and show that once again it classifies a certain family of field extensions. However, 
these are field extensions of M = F(^pn), rather than those of F. Indeed, our general approach is 
to relate objects over F to those over L = F{fip) and over M = F{fipn), since the latter are easier 
to understand because of the presence of enough roots of unity. Passage from F to L is particularly 
tractable because p\ [L : F]. 

Indications of what happens are provided by Albert's work in |Ai| for the case n = 1. Albert 
showed that the cyclic degree p field extensions S of F correspond to certain cyclic degree p 
extensions T of L. For, if T = S" • L, then S is the unique extension of F of degree p within T 
(corresponding to the prime-to-p part of the abelian Galois group Q{T/F)). Since T is a p-Kummer 
extension of L, we have T = L{^) for some b G L* whose class [b] € L*/L*'^ generates the 
cyclic subgroup associated to T in the Kummer correspondence. The question of classifying cyclic 
extensions of F of degree p reduces to determining which cyclic extension of L they generate. For 
this, Albert showed that a Kummer p-extension T' = L{-^) has the form S' ■ L for some cyclic 
degree p extension S' of F iff Q[L/F) acts on \b'] in L* /L*^ the same way it acts on ^p. A nice way 
of expressing this is as follows: Let H = Q[L/F). For each character x'- H ^ (Z/pZ)* (= group 
of units of the ring Z/pZ) and each p-torsion module A, there is the x-eigenmodule of A for the 
H action: A^'^'^ = {a & A \ h ■ a = x{h)a for all h E H}. Then, Albert's result can be rephrased: 
Cyclic p-extensions of F correspond to cyclic subgroups of {L*/L*p)^"\ where a: H ^ (Z/plj)* is 
the cyclotomic character defined hy h ■ oj = lo"'^^^ for each h G H , uj G fip. 

We consider here F*/F*p" and cyclic Galois extensions of F of degree p^ for arbitrary n. 
For this, we work with the field M = F{fj,pn) instead of L. We show in Cor. II. Ill that F*/F*p" = 
(MVM*P")^W^) (which is the eigenmodule oiM*/M*P" for the trivial character of ^(M/F)). We 
show further in Th. ll.llSl that the cyclic extensions of M of degree dividing p" that correspond to 
cyclic subgroups of F* /F*^'^ are those K which are Galois over F with Q{M/ F) acting on Q{K/F) 
by the cyclotomic character a: Q{M/F) (Z/p'^Z)* for fipn. In addition, when M = L, we give in 
Prop. lTTTi a small generalization of Albert's result, by showing that then the cyclic field extensions of 
F of degree dividing correspond to the cyclic subgroups of (M*/M*P")("). (This correspondence 
breaks down whenever M ^ L, however — see Remark ll.8f aD 

Characters on Galois groups can also be used to define twisted actions for their modules: For 
any profinite group G, any continuous character x- G ^ (Z/pZ)*, and any ^"-torsion discrete 
G-module A, define the action of G on A twisted by x to be the new action given hy g * a = 
xi9)i9 ■ o) (where g ■ a denotes the original G-action). We use such a twisted action in §2 to give 
an interpretation to ^^H^(Gf, fJ'p^)", which as written is not well-defined. We define this to mean 
W {G F -.^J^) ■, where JIp^ denotes ^p-n., but with the action of ^ = Q{L{p)/F) on it twisted by a 
character so that Q{L{p)/F{p)) acts trivially on flp^; hence, Gf acts on Jip^^ even though not 
on /Xpn. For , we give a more specific interpretation in Th. 12.31 by showing that H^{Gf,Jj^) — 
{L*/L*P"Y^\ It follows easily (see Cor. l2.5|) that the canonical map H^{Gf,J^) H^{Gf,J^p) is 
surjective. This result was needed for the paper IMWil , which was the initial impetus for the work 
given here. We also show that H^{Gf,^j^) is isomorphic to an eigenmodule of H^{Gm,'^/p'^'^), 
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so that the cychc subgroups of H^{GF,Jjy^) classify certain cychc field extensions of M of degree 
dividing p"; we give in Th. 12.71 a Galois theoretic characterization of those field extensions of M. 

In §3 we consider second cohomology groups with /ip^ coefficients, or, equivalently, the p"- 
torsion of the Brauer group. We have the standard isomorphisms pnBr{F) = H'^{Q{L{p)/ F), fipn ) 
and pnBr{L) = H^{Gl, fJ-p")- When fj,pn C L, the Merkurjev-Suslin Theorem gives a very useful 
presentation of pnBr{L) by generators (namely symbol algebras) and relations. The Merkurjev- 
Suslin Theorem does not apply to pnBr{F) since /ipn ^ F, but the easy isomorphism pnBr{F) = 
{pnBr{L))^^^/^'> allows one to analyze pnBr{F) in terms of the more readily understood pnBr(L). 
This approach was used by Albert in |Ai| in proving his cyclicity criterion for algebras of degree p, 
and by Merkurjev in [Mj in proving that pBr{F) is generated by algebras of degree p. We give here 
in Th. 13.61 a generalization of Albert's result, by showing that when ^pn C L, a division algebra D 
of degree over F is a cyclic algebra iff there is d D with dP" ^ F* — F*^. 

But, what we find most tantalizing here is the potential application to the cyclicity question 
for division algebras of degree p. If is a central division algebra of degree p overL with [B] G 
{pBr{L)f^^'^\ then there is a unique central division algebra A over F of degree p with A^pL = B. 
When 5 is a cyclic algebra, it is actually a symbol algebra, i.e., it has a presentation by generators 
z, J such that = b, = c, ij = ujji, where b,c £ L* and uj £ Hp, uj ^ \. We prove in Prop. 13.41 
that if A is a cyclic algebra, then not only is B cyclic, but it must have a presentation as above with 
h and c mapping to specified eigencomponents of L* /L*p with respect to the Q{L/F) action. Thus, 
B could very well be cyclic without satisfying the more stringent conditions which correspond 
to cyclicity of A. Then A would be a counterexample to the decades-old question whether all 
central simple algebras of degree p must be cyclic algebras (which is still unsettled for all p > 5). 
Regrettably, we have not found such a counterexample, but we feel that the approach merits further 
investigation. 

An interesting extreme case of this is for the field J = F{p)-L = F{p){^p). We have pBr(F{p)) = 
{pBr{J))^^'-'/^^'P'^\ If this group is nonzero, then Merkurjev's result says that there is a division 
algebra of degree p over F(p); but such an algebra cannot be cyclic, as F{p) has no cyclic field 
extensions of degree p. This observation led us to attempt do find division algebras of degree p in 
(pBr(J))^("'/^(*')), by using valuation theory. In §4, we describe how valuations on F with residue 
characteristic not p extend to F{p) and to J. This makes it easy to see that pBr{J) can have some 
nontrivial eigencomponents for the action of Q{J / F{p)) (see Ex. 14. 2() . But the question whether 
{pBr{J))^^'^/^^P^^ / remains open. 

We fix throughout the paper the notation mentioned in this Introduction. The most rele- 
vant fields are shown in the diagram below; the names of the Galois groups given here will also 
be fixed throughout. We write fim for the group of m-th roots of unity (in an algebraic clo- 
sure of the relevant field) and fj,^ for the primitive m-th roots of unity. Also, for any profi- 
nite group G, let X{G) = Hom{G,Q/Z) = H'^{G, Q/Z), the (continuous) character group of 
G. If G is a group of automorphisms of some field, we write J^{G) for the fixed field of G. 



4 



F{p) ■ L = F{p){f,p) 
G{L{p)/F) 
Q{F{p)/F) 
G{L{V)/L) 
g{J/L) ^ Gf 

g{L{p)/F{p)) 
g{L/F) - g{J/F{p)) 

While we were in the last stages of writing this paper we learned of the interesting recent 
preprint by U. Vishne p^. There is some overlap between this paper and Vishne's (most notably 
in our Th. I.S.6|1 . but it is not great, since Vishne is concerned primarily with the situation that 
/ipn C F{p,p). 

We would like to thank Bruno Kahn for very helpful discussions at an early stage of this work, 
particularly for pointing out to us the significance of group actions twisted by characters. 

1 Extension fields of F and L, and an interpretation of p* j F*^" 

In this section, we recall some known properties of p-extensions, then give characterizations 
of the Galois p-extensions of L = F{fip) which correspond to such extensions of F. We then look 
at group actions on p"-torsion modules, and examine eigenspace decompositions of such modules. 
This is applied to various structures associated to the abelian p^-extensions of F and L. This leads 
to Kummer-like characterization of F* j F*^^ and L* j L*^^ in terms of certain abelian p^-extensions, 
but the extensions are of M = F{fipn), not of F and in general not of L. For Prop. 11.11 through 
Cor. 11.31 p may be any prime number. After Cor. 11.31 we will assume further that p is odd. 

We first consider the subfields of F{p). By definition, F{p) is the compositum of all the Galois 
field extensions of F of degree a power of p (in some algebraic closure of F). Recall that if Ki 
and K2 are Galois extensions of F with [Ki : F] = p'^*, then Ki • K2 is also Galois over F and 
[Ki ■ K2 : F] Consequently, F{p) can also be described as the union of of all the Galois 

extensions of F of degree a power of p. So, F{p) is the maximal Galois extension of F such that 
g{F{p) / F) is a pro-p-group. Also, if T is a field extension of F with \F : F] < oo and K is the 
normal closure of T over F, then T C F{p) iff T is separable over F and [K : F] is a power of p. 
We give next a characterization of such fields T which is well-known, but we could find no reference 
for it. It is an easy consequence of the property of p-groups that every maximal proper subgroup 
is a normal subgroup of index p. The proof will be omitted. 

Proposition 1.1 Let S be a field of any characteristic, and let T be a field, T ^ S, [T : S] < 00. 
Then the following are equivalent: 




F -^H 



L 
M 
J 

g 

Gf 
Gl 
Tf 
N 
H 



5 



(i) The normal closure of T over S is Galois over S of degree a power of p, i.e., T C S{p). 

(ii) There is a chain of fields = 5*0 ^ Si C S'2 C . . . C S'fc = T with each Si Galois over Si-i, 
and [Si : Si-i] = p. 

We record two important corollaries of Prop. 11.11 which are also well-known, and whose easy 
proofs are omitted. The second is an immediate consequence of the first. 

Corollary 1.2 For fields S and T of any characteristic, if S T CI S{p), then T[p) = S{p). In 
particular, S{p){p) = S{p). 

Corollary 1.3 IfT is a field with char{T) ^ p and fip C T, then T{pY = T{p). 

From now on, throughout the rest of the paper, we assume that the prime number p is odd. 

We now return to the basic setting of this paper, with F a field, char{F) ^ p, L = F{fip), J = 
F{p)-L = F{p){ixp). Since [L : F]\ {p-l), we have LnF{p) = F and g{J/L) ^ g{F{p)/F) = Op. 
Therefore, there is a canonical inclusion and index preserving one-to-one correspondence between 
the p-extensions 5 of F (i.e., F C S CI F{p)) and those p-extensions T of L with T C J. When 
5 <-> T we have T = S • LS{fip) and S = T n F{p). Furthermore, S is Galois over F iff T is 
Galois over L; when this occurs, Q{S/F) = Q{T/L). Of course L{p) may be much larger than J 
(as in Ex. 14.21 below), so we next characterize those Galois p-extensions of L which lie in J. Let 
H = G{L/F), so H is cyclic and \H\ \ p - 1. Let s = \H\ = [L : F]. 

Proposition 1.4 Let T he a Galois extension of L with L C T C L{p). Then, the following are 
equivalent: 

(i) r c J. 

(ii) T = S-Lfor a field S, FCS^ F{p), with S Galois over F. 

(iii) T is Galois over F and Q[T/ F) ~ Q{T/L) x 7i for some group TC. (Then necessarily TC = H.) 

(iv) T is Galois over F and Q{T/F) has a normal subgroup TC of order s. 
lfQ[T/L) is ahelian, then (i)~(iv) are equivalent to: 

(v) T is Galois over F and Q{L/F) acts trivially on Q[T/L). 

Proof. Note that [T : L] could be finite or infinite, (i) 44> (ii) was noted above, (ii) =^ (iii) Let 
n = Q{T/S). Note that S and L are each Galois over F, and SrM = F as gcd{[SQ : F],[L : F]) = I 
for each finite degree sub extension Sq oi F \n S. Therefore, S and L are linearly disjoint over F, 
and g{T/F) = Q{T/L) x H. Note that \n\ = [S ■ L : S] = [L : F] = s. (iii) (iv) For H as in 

(iii) , we have H ^ g{T/F)/g{T/L) ^ g{L/F) = H. Clearly, W is a normal subgroup of g{T/F). 

(iv) =^ (ii) For TL as in (iv), let S = !F{TL). Then S is Galois over F and [T : S] = [}{[ = s. We have 
[T : S-L] \[T ■.S]=s and [T : S ■ L] is a power of p, as 5-L C T C L{p) = (S ■ L){p) (see Cor- Ojl . 
Hence, S-L = T. Since L is Galois over LCiS, we have [L : LnS] = [L-S : S] = [T : S] = s = [L : F]; 
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hence, LnS = F. Since T = S-L is a compositum of Galois p-extensions of L and Q{T /L) = Q{S/F), 
this S is a compositum of such extensions of F. Hence, S C F{p), proving (ii). 

Now assume Q[T/L) is abelian. Then (iii) imphes that Q{T/F) is abelian, so (v) holds. Con- 
versely, assume (v). Let G = Q{T/F) and let P = Q{T/L). Since G/P acts trivially on the abelian 
group P, this P must be central in G. Since further G/P = Q{L/F), which is cyclic, an elementary 
exercise in group theory shows that G is abelian. Let To be any finite degree subextension of L lying 
in T. Then, [Tq : L] = p'^, for some /c G N, and Tq is abelian Galois over F, with \Q(Tq/F)\ = sp^ . 
The primary decomposition of Q{Tq/F) gives Tq = Sq • Lq, where 5*0 is the unique subfield of Tq 
with [To : ^o] = s and [Tq : Lq] = p^. Since Sq is Galois over F with [Sq : F] = p^, we have 
S C F{p). Also, [To : L] = [Tq : Lq], so L = Lq. Thus, Tq = {Tq n F{p)) ■ L for every finite degree 
subextension Tq of L in T. Hence, T = (T Ci F{p)) ■ L, proving (ii). □ 

In proving the following corollary, we will use supernatural numbers. Recall (cf. |S2l p. 5]) 

oo 

that a supernatural number is a formal product Y\ Pi' where the pi are distinct prime numbers 

1=1 

and each rj E {0, 1,2, . . .} U {oo}. Supernatural numbers can be multiplied in the obvious way, 
and likewise the notions of divisibility, gcd's , and Icm's of supernatural numbers have the obvious 
interpretation. For fields F K with K algebraic over F, we define [K : F] to be the supernatural 
number lcm{dimpN | is a field, -F ^ A C iC, and dimpN < oo}. (Of course, this agrees 
with the usual definition when dimpN < oo.) The reader can check that for any field E with 
F CE CK,we have 

[K : F] = [K : E][E : F] . (1.1) 

Corollary 1.5 Let T/F be a Galois subextension of L(p) jF such that there is a normal subgroup 
n ofg{T/F) with \'H\ = s = [L : F]. Then, LCTC J. Hence, the Galois group Q{L{p)/J) is the 
smallest closed normal subgroup B of Q = Q{L{p)/F) such that Q/B contains a normal subgroup 
of order s. 

Proof. We have [L{p) : F] = sp^ iov < r < oo. Since s = \7i\ \ [T : F], we have [L{p) : T] = p^ 
for t < oo, by (|1.1|) . So, [T(/Up) : T] is a power of p; hence, /ip ^ T, so L C T. Then, Prop. 11.41 
shows that T C J, so of course Q{L{p)/ J) C Q[L{p) /T). 

Now, Q/{Q{L{p)/J) = Q{J/F), which contains the normal subgroup Q{J/F{p)) of order s. The 
inclusion T J just proved shows that Q{L{p) / J) is minimal with this property. □ 

We want to describe the abelian p^-extensions of L in J as an eigencomponent of the family of 
all such extensions of L. For this, we first need some facts about p^-torsion G-modules. 

Fix a positive integer n. Let G be any profinite group, and let ^ be a discrete G-module (written 
additively), which is p^-torsion as an abelian group. Let G — > (Z/p'^Z)* be any continuous group 
homomorphism. (The continuity of the character x is equivalent to ker{x) being an open subgroup 
of G.) Note that since (Z/p'^Z)* = Aut(Z/p"'Z, +) canonically, defining such a x is equivalent to 
giving Z/p^Z the structure of a discrete G- module. Because A is p"-torsion, it is a Z/p"Z- module. 
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Let A^^^ denote the x-sigenmodule of A, i.e. 

= {aeA\g-a = xig) ■ a, for all g G G}. (1.2) 

Note that A^^^ is a G-submodule of A. If = A, we say that G acts on A via x- Whatever the 
original action of G on A, we can use x to twist the action, obtaining a new G-module, denoted 
A^, such that A^ = A as abelian groups, but if we denote by • the original action of G on yl and * 
the action of G on A^., then 

g*a = x{9){9 • a) for all g e G,ae A. 

Another way of saying this is that the map a i-^ a 1 is a G-module isomorphism 

= ^ (1.3) 

where G acts on via x (so g ■ {a (Si k) = (g ■ a) x{g)k)- We will frequently use the obvious 

identity 

{A^f = A(^-'\ (1.4) 

where x~^{g) = xig)'^- 

Now assume p is odd, and suppose H acts on A, where H = Q{L/F). Since A is p^-torsion 
this is equivalent to A being a module for the group ring 'L/p'^'L[H]. Now, H \s a cyclic group of 
order s, where s | p — 1, so 

Z/p"Z[i7] ^ 'L/p"Z[x\/{x' - 1). (1.5) 

Since (Z/p^Z)* is cyclic of order </?(p") = {p— l)p"^^, it contains a cyclic subgroup of order s. The 
elements 71, . . . , 7^ of this group are distinct roots of x** — 1, so x** — 1 = (x — 71) ... (x — 7s) in 
Z/p"Z. Moreover, since the map Z/p"Z TijpTi has kernel of order which is prime to s, 

the subgroup of order s intersects this kernel trivially. Hence, for i ^ j, 7?, — 7j maps to a nonzero 
element ofZ/pZ; so7j — 7^ S (Z/p^Z)*. Therefore, the ideals (x — 7j)Z/p"Z[x] and (x — 7j)Z/p"'Z[x] 
comaximal since their sum contains the unit 7^ — 7j . It follows by the Chinese Remainder Theorem 
that 



s 



Z/p"Z[x]/(x^ - 1) ^ ©Z/p"Z[x]/(x-7i). 
1=1 

Hence, Z/p"Z[if] has s mutually orthogonal primitive idempotents ei,...,es, such that each 
ej'L/p'^'L\H] = Z/p"Z, and if /i is a designated generator of H corresponding to the image of 
X in (|1.5|1 . then hei = ^le-i. One can check that if = 1 mod p", then 

e^ = tE7~'h^- (1-6) 

j=0 

Xi- H (Z/p"Z)* is the character given by ^ ll^ then in the left multiplicative action on 
ejZ/p"Z[ff], H acts by Xi- Therefore, for our //-module A, we have A = @ CiA, and H acts on 

i=l 

CiA by Xu it follows easily that CiA = A^^*), and 

^=©^te), (1.7) 

i=l 
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which is a canonical decomposition of A into a direct sum of eigenmodules. 

Now, let L be the compositum of all the Galois field extensions of L with cyclic Galois group 
of order dividing p". Then L is clearly Galois over L, and over F, and L is the maximal abelian 
p^-extension of L, i.e., the unique maximal Galois extension of L such that the Galois group is 
abelian p^-torsion. Let X{L/L) = X{Q{L/L)) denote the continuous character group of Q{L/L), 

X{L/L) = Hom{Q{L/ L),Q/7j) (continuous homomorphisms). 

Note that ^(VL) = Hom(GL,p-"Z/Z), and that ^(V-^^) ^ GL/n{keriP \ ^ e Jfom(GL,p-"Z/Z)}. 

Because L is Galois over F and Q[L/L) is abelian, there is a well-defined group action of 
H = G{L/F) on g{L/L) given by, for r G g{L/F), T the image of r in Q{L/F), a E Q{L/L), 
T ■ a = Tar^^. This in turn induces a (left) action of H on X{L/L) given by, for tp £ X(L/L), 

(r • ^)(o-) = V(r"^ • a) = V'(t-Vt). (1.8) 

Since Q{L/L) and X{L/L) are p^-torsion //-modules, each has an eigenmodule decomposition as 
described in (|1.7|) : 

6;(Z/L) = n g(L7L)fc) and ^(L/L) = © X(Z/L)fc). (1.9) 
j=l i=l 

These eigendecompositions are related to each other. Consider the canonical Z-bilinear pairing, 

B: G[L/L) X X{L/L) p-'^'L/'L given by B[a, ip) = ^p{a). (1.10) 
If Y is any subgroup of X{L/L), let = f] ker(V') a closed sub group of Q{L/L). Note that B 
induces an isomorphism Y = X{Q{L/L)/Y^). Now the pairing in (|1.10j) is //-equivariant, i.e., 

B{h-a,h-^) = h- B{a, ip) = B{a, V'), for allhG H,a e g{L/L),^ G X{L/L). (1.11) 

For any x G {Xi,---,xJ, let 

= J'iN), where N = {X{L/ if^'^^)^ . (1.12) 

Then, Qi^L/L) ^ g{L/L)/M, hence X{^L/L) ^ X{L/L)^^~'l Because // acts by on 
X(^L/L), it follows from the i/-equivariance of the pairing (|l.lfl|) that H acts by x on Q{y_L/L), 
i.e., Q{^L/L) = {Q{^L/ L)^^^\ Moreover, is the largest subfield of L with this property. 

Now, look back at the eigendecompositions of Q{L/L) and X{L/L) in H1.9() . Because the pairing 
in (|1.1U|) is //-equivariant (and 1 — XiWXjW ^ (Z/p"Z)* whenever Xi{^)Xj{^) 1) '^^ have 
B{G{L/L)^^^\ X{L/L)^^i^) = unless Xj = xr^' ^'^'^ induces a nondegenerate pairing between 
g{L/L)^^) and X{L/L)^^''^ for each x G {xi,---,Xs}- Hence, (^(L/Lte)))^ = ©^(Z/L)^), so 

that 

g{xL/L)^g{L/L)^^^ and L ^ ®l ■ ■ ■ ®L ■ (1-13) 
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Corollary 1.6 Let xi be the trivial character H — > {'L/p'^'L)* . Then 

JnL = ^L and g{{j n L)/L) ^ g{L/L)^ . 

Furthermore, there is a one-to-one correspondence between the abelian -extensions S of F and 
the abelian p"^ -extensions T of L such that T is Galois over F and H acts trivially on Q(T/L). 

Proof. This is immediate from Prop. EH CH 

Because fipn ^ F in general, the abelian p"-Galois extensions are not classified by subgroups 
of We will show in Th. Il.i:-?! below that instead F*/F*p" classifies certain abelian p"^- 

extensions of M, where M = F{fipn). This will require some preliminary results. We first make 
some basic observations about M and group actions of Q{M/F). Note that M C J, by Prop. IlH 
since M is Galois over F with Q{M/F) abelian. 

Let Mbe the maximal abelian p"-extension of M; by Kummer theory, M = M{{ ^"^^/m \ m G M}) . 
Then, Q{M/ F) acts on the p^-torsion groups Q{M/M) and X{M/M) (analogous to the action de- 
scribed in (|1.8|) above). So, for each character x- Q{M/F) — > {'L/p^'L)* we have the eigenmodules 
Q(M/M)^^^ and X{M/M)^^\ though the eigenmodules together do not yield a direct sum decom- 
position of the whole module, since the groupring Z / p^Z[Q (M / F)] is not semisimple when M ^ L. 
Just as for the defined in (|1.12l) above, we have the field y.M which is maximal in M such that 
g{M/F) acts on g{^M/M) by x; also X{^M/M) ^ X(M/M)(^''). 

We can relate these eigenmodules to those of M*/M*p". For m G M*, we write [m] for its 
image in M*/M*^". From Kummer theory, we have the following isomorphisms, 

M*/M*P" Hom{g{M/M),fipn) ^ X{M/M) 0z f^p" , (1-14) 

where the first map is given by [m] i-^ (a a{a)/a), for any a G M* such that a^" = m. Now, 
Q{M/F) acts on each of the groups in (|1.14|) (it acts on 7 G Honi{Q{M/M), ^pn) by {g ■ 7)(cr) = 
g{'y{g~^o'g)), for any g G Q{L{p)/F) restricting to 5 G Q{M/F) ); it is easy to check that each of the 
isomorphisms in ()1.14|) is compatible with the ^(M/F)-action. Thus, if we let a be the cyclotomic 
character, which corresponds to the action of Q{M/F) on //pn, i.e. 

a: g{M/F) (Z/p"Z)* is given by g{oj) = uj""^^^ for ah g G G{M/F) and uj G ^pn, (1.15) 

then (|1.14|) shows that as ^-modules, 

M*/M*P'^ ^ X{M/M)a . (1.16) 

It follows that for any character x- H ^ (Z/p"Z)*, we have 

= M{{ I H G (M7M*p")("^"')}), (1.17) 

since X{^M/M) ^ X(M/M)(x~') = (X(M/M)„)(°^"') ^ (M7M*p")("^"'). (One can also deduce 
(|rT7|) from the ^(M/F)-equivariant Kummer pairing g{M/M) x M*/M*p" /ipn.) Note that 
if [m] G [M* / M*P" )^°'^ ^\ then M( ''y^) is Galois over F, since the cyclic subgroup {[m]) C 
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M*/M*^" is stable under the action of Q{M/F). Conversely, if M( ''y'm) is Galois over F, then 
{[m]) must be ^(M/F)-stable, so [m] G (MVM*p")(^) for some character ip. However, M( ^ym) 
is ahelian Galois over M iff g{M/F) acts trivially on C/(M( ^lfm)/M), iff M( p^m) C ^^M, where 
Xi is the trivial character, iff (by (dll)) [m] G {M*/M*p")^°\ 

We will relate this to F* / F*^" below. But first, let us observe how it yields a slight generalization 
of Albert's characterization of the cyclic extensions of F of degree p (see |Ai| Th. 2] or IA2I p. 211, 
Th. 15]). 

Proposition 1.7 Suppose p\ [F{fipn) : F]. Let M = F{fipn), m e M* - M*p, and T = M{ "y^). 
Then, T = S ■ M for some cyclic field extension S of F of degree p" iff T (1 J , iff g ■ [m] = [m"'-^)] 
m M*/M*P" for each g € Q{M/F), where a: Q{M/F) — > (Z/pZ)* is the cyclotomic character 
described in (jLlSf) above. 

Proof. Since [M : L] is a power of p, the assumption that p \ [F{p,pn) : F] is equivalent to: 
M = L, i.e., C F{pp). For T = M{^'i/m), we have T = S ■ M for some cyclic Galois 
extension 5 of F with [S : F] = [T : M] = p"' iS T Q J D M (see Prop. [HI). But, by Cor. HH 
J n M = ^^M, where xi- G{M/F) (Z/p"Z)* is the trivial character. As noted in (fTT7|) . 

= M{{ I [c] G (M7M*p")(") } So, r = 5 • M iff T C ^^M iff (by Kummer theory) 
H G (M*/Af*P")("), as desired. □ 

Remarks 1.8 (a) Albert's result is the case n = 1 of Prop. 11.71 for which the assumption that 
pf [F{fj,p) : F] always holds. Note that the hypothesis that p\ [F(iJ,pn) : F] is needed for Prop. ITTTI 
For, when M = F(/Upn) ^ F(/ip), we do have X{M/Mf^^/^^ ^ (M7M*p")(°) as g{M/F)- 
modules (see (jLlOp l. But the abelian ^"-extensions of M coming from such extensions of F 
correspond to the image of X{F/F) in X{M/M), which is properly smaller than X(M/M)^W^). 
Specifically, if we take lo £ fipn* C M*, then clearly [to] G (M*/M*p")*^"^ and [to] has order p"' in 
M*/M*P" (see LemmaObelow). Then, for i; G X{M/M) with ]fer(V') = g{M/M{ ''^)), we have 
G X(M/M)^(^-^/^), but ip is not in the image of X{F/F), since there is no cyclic ^"-extension S 
of F with S • M = M( ''a/w). (For, M( ''\/a;) n -F(p) is cyclic over F, but of degree greater than p".) 
However, this example is, roughly speaking, the only obstruction when M ^ L. For, one can check 
that F- M{ f^ytJ) = xiM, which is is the subfield of M corresponding to X{M/M)^^^'I^\ (This 
follows from the observations that if [M : L] = p'^~^ as in LemmaHHbelow, then |X(M/M)^(^^/^) : 
im{X{F/F))\ < |i72(g(M/F),Z/p"Z)| = p""^ while [F- M{ f;>ZJ) : F ■ M] = p"-^) 

(b) For a closely related description of the cyclic extensions of F of degree p", see |Sal Th. 2.3]. 
Saltman's description does not require the hypothesis that /Up" C F{fj,p). 

We want to relate F* I F*p'^ to M* jM^P^ , and use F* I F*p'^ to parametrize certain field exten- 
sions of M. For this, we first need the following two lemmas. 

Lemma 1.9 Let d = supjA; | ^pk ^ L} G N U 00 and let c = min{d, n). Then, [M : L] = p'^~^. 

Proof. We can assume that n > c, since otherwise there is nothing to prove. Let u; be a primitive 
^"■-th root of unity, and let u = ujP and e = ujP" " £ L. Let Mq = L{^pn-\) = L{v). By induction 
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on n we may assume that [Mq : L] = ^ ^ . Then f{x) = x^" " ^ — e is the minimal polynomial 
of V over L, since it has the right degree and f{u) = 0. Hence, for the norm from Mq to L, we have 
NM./d^) = (-ir"^"'(-£) = 6 (as p is odd). 

Since M = Mq{uj) = Mq{v^/p) and /ip C Mq, M is a p-Kummer extension of Mq. So [M : Mq] = 
p or = 1. If [M : Mq] = 1, then lu G Mq, so e = {NMg/i{u})y , so Njy.fg/i{Lo) is a primitive p'^^^ root 
of unity in L, contradicting the definition of c (as n > c). Thus, we must have [M : Mq] = p, so 
[M : L] = [M : Mq] [Mq : L] = p""^ as desired. □ 

Lemma 1.10 H^{g{M/L), fipn) = H'^{g{M/L), fipn) = 1. 

Proof. Because ^(M/L) is cyclic (as p is odd), ^^(^(M/L), ^Upn) ^ (/ipn)^(^^/^V^MA(^P")- ^^"^ 
(/Upn)^(*^/-^) = ^p^nL = fipc. Let uj E fip„* , and let e = coP"''' e Ppc* C L. Since M = L{uj) and [M : 
L] = p^^^ by Lemma fl.9| lo has minimal polynomial x*'" e over L, so Nm/l{^) = (—1)''" '^(~^) = 
e. Thus, iVA//L(Mp") = {Nm/l{^)) = {e) = Mp- = M^^^'^^^^- Hence H'^{g{M / L), fip^) = 1, and, 
as Q{M/L) is cyclic and /ipi is finite, the Herbrand quotient |^ p. 134, Prop. 8] shows that 
\H\g{M/L),ppr^)\ = \H^{g{M/L),iip^)\. □ 

Corollary 1.11 

(i) L* /L*p" = {M* /M*P" f^'^^/^K 

(ii) F*/F*p" = {L* jL*'P")^'y^lP) ^ (M* j M*P'^)'^^'^^/^\ 

Proof, (i) From the 5-term exact sequence of low degree terms associated with the Hochschild- 
Serre spectral sequence (cf. [El p. 307, Th. 11.5], the following is exact: 

H\g{M/L),p^„'') ^ H\GL,l^r>-) ^ H\GM,lipr.f^'''''^ ^ H\g {M / L) , p^„'' ) . 

Since p,pn ' = /Xpn, Lemma Fl . 101 applies, yielding 

H\Gl,Pp^) = H\GM,fXpnf^^'/^\ (1.18) 

The long exact cohomology sequence arising from the short exact sequence of G^-modules 

1 > ^pr^ > L{p)* L{p)* > 1 (1-19) 

(the p^-power map L{p) —>■ L{p) is onto by Cor. II. 3j) . yields H'^{Gl, iXp^) = L* j L*'^^ \ likewise 
H^iGu^iip^) = M*/M*P". Thus, the isomorphism in STH^ translates to L*/^*^" = {M* / M*P"f^^'^/^\ 
as desired. 

(ii) The first isomorphism in (ii) can be proved in the same way as (i), using that 
F*(g(L/F),(/ipn)G'i) = 1 for i = 1,2; this is clear, as gcd{\g{L/ F)\,\{^jLpn)(^^\) = 1. But the de- 
sired isomorphism can also be obtained easily nonhomologically: Injectivity of the map F* /F*p" — > 
^l* ll*p"^G{L/F) follows by an evident norm argument; surjectivity of this map follows using 
Hubert's Th. 90. The second isomorphism in (ii) follows from the isomorphism in part (i). □ 



12 



Remarks 1.12 (a) Lemma 11.101 and Cor. II. ill are special to n where M = L{fj,pn). One can 
compute analogously to Lemma ll . 101 that for k <n and any i > 1 

where a = min{k,c) and b = max{k + c — n, 0). So, for < A; < n, \W{Q{M/L), fj,pk)\ > and the 
map L*/L*p'' (m7M*p')^(*-^/^) is neither 1-1 nor onto. 

(b) On the other hand, for every k > n, the map L*/L*P M*/M*P is injective. More 
generally, for any field K ^ L, ii the map L*/L*p" K*/K*p" is injective, then the map 
L*/L*P K*/K*P is injective for every k > n. This is a special case of the following group 
theoretic observation: If A C i? are abelian groups such that the map A/p"'A — > B /p^B is injective 
and if p^~'^{pk-iB) C A for all k > n, then the map A/p^A — > B/p^B is injective for all k > n. 
(Here pk-iB denotes the p'^~^-torsion subgroup of B.) This is easily proved by induction on k. One 
can also check that L*/L*p'' ^ (M*/M*p')^(*-^/^) for every k > n. 

We can now give an answer to the question: What do F* fF*P" and L* fL*P" classify when 
A*p ^ F"! The answer, a kind of generalized Kummer theory, is given not in terms of field extensions 
of F or L, but those of M = F{fipn). In the following Theorem II. LSI we are no longer assuming 
that fip 2 F. Hence, the F appearing there could be either the F or the L of the preceding results. 

Theorem 1.13 Let p be an odd prime number. Let F be any Reld with char[F) ^ p, and let 
M = F{fipn). Let a: Q{M/F) (Z/p"Z)* be the cyclotomic character, as in (TTT^ . Then, 
there is a one-to-one correspondence between the subgroups U of F* /F*p" and the abehan Galois 
extensions K of M such that exp{g{K/M)) \p'',K is Galois over F, and Q{M/F) acts on Q{K/M) 
via a. 

Proof. One lemma needed for this proof is deferred until the end of this section for ease of 
exposition. Let Q = G{F{iJ,p){p)/ F), and let a denote also the composition G — > G{M/F) 
(7j/p"'Z)* , which is the cyclotomic character for the action of G on fipn. 
We have ^-module isomorphisms 

M*/M*P" Hom(GiM/M),fip«) X{M/M) (g) //pu ^ X{M/M)a, (1.20) 

where the first map is the one in Kummer theory: [m] ^ (a ^ a{a)/a) for any a G Mwith qP" = m. 
The last map depends on a choice of generator lo of yUp^, and is given by ip®u)^ ^ jip. By composing 
these isomorphisms with the identity map l: X{M/M)a — > X{M/M) (not a t/-homomorphism) , we 
have a bijective function /: M* j M*p^ — > X{M/M). By Cor. ll.lTI (i) or (ii), the isomorphisms of 
(fT:20j) map F*/F*P" onto (X{M/ M)af^^'^l^'^ which l sends onto X(M/M)(°"'). Thus, / yields a 
one-to-one correspondence between subgroups of F* I F*p" and subgroups of X{M/M)^"' ^\ 

Now, the subgroups Y of X{M/M) are in one-to-one correspondence with the closed subgroups 
C of G{M/M), where Y = {ip £ X{M/M) \ ker{ip) D C} and C = fl keritp). In the Galois 

correspondence, every closed subgroup C of G{M/M) corresponds to an intermediate field K, 
M C K C M, where K = J^(C), the fixed field of C, and C = G{M/K) ^ Gk/Gj^. Suppose 
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y <-> C ^ K (so y = X{K/M) C X{M/M) ). We have seen that Y corresponds to a subgroup of 
F*/F*P" iff y C X(M/M)(""'); by Lemma ITTT^ below (with G = g,P = Gj^,Q = Gm, R = Gk), 
this occurs iff Gk is normal in Q (i.e., K is Galois over F) and G acts on Q{K/M) via a. The last 
condition is equivalent to: Q{M/F) acts on Q[K/M) via a. □ 

Remarks 1.14 (a) In the correspondence of Th. 11.131 a subgroup U of F* / F*^" corresponds to 
the field K = M{{ ''Vb \ [b] G U}). Conversely, for a given field K, the corresponding subgroup 
of F* / F*P" is {[ft] I ^ G K'^" n F*}. As usual in Kummer Theory, the correspondence is a lattice 
isomorphism, so it preserves inclusions, intersection and joins; when U ^ K we have \ U\ = [K : M], 
and U and Q{K/M) are (Pontrjagin) dual to each other. In particular, \U\ < oo iff \Q{K/M)\ < oo, 
and when this occurs, U = Q{K/M) (noncanonically) . 

(b) One would prefer a correspondence between cyclic subgroups of F* j and simple radical 
extensions of F of degree dividing p". But this does not work when ^Upn ^ F . For example take 
any h ^ F* with [6] of order in F* I F*^'^ . Let K = F{a) for some choice of a with dP"^ = b. Then 
(as b ^ F*P with p odd, so x^" — 6 is irreducible in F[x]), [K : F] = p", and also [K ■ M : M] = p", 
by Cor. II. Ill Hence, K and M are linearly disjoint over F. So, when M 7^ F, i.e., /Xp" ^ -F, then 
fipTi 1^ K, so K does not contain all the p"-th roots of b. Thus, the field K depends on the choice of 
a among the p"-th roots of b, but K ■ M does not depend on such a choice. For another example, 
for L = F{^p), assume fipn ^ L and let e G /x*c C L with c as large as possible, as in Lemma IT^ 
Then [L{ p^e) : L] = p", by Lemma HH but [M( : M] = so [e] has order p'^ in L* / L*p" by 

corirm 

(c) Theorem 11.131 indicates the divergence between p'^-th power classes and cyclic field ex- 
tensions of F when fipu ^ F: We have F* / F*p" ^ (M*/M*p")5(*-^/^), while cyclic field extensions 
of F of degree dividing correspond to cyclic subgroups of X{F/F), which map (not quite iso- 
morphically) to X(M/M)^(*^/^) ^ {H^Gm, ^J'p")a-'^f^^^^^^ = {M* /M*P"f'^\ So the p"-th power 
classes of F and cyclic extensions of F correspond to different eigenspaces for the Q{M/F) action 
on M*/M*P". 

(d) For Th. 11.131 we required that p be odd. For p = 2 the theorem is valid, with the same 
proof, for any field F {char{F) 7^ 2) such that /i4 C F, and M = F{fi2") for any n. But if ^4 ^ -F, 
the theorem fails already for n = 2, since then —4 ^ F*'^ but —4 G -F(//4)*^ (as (1 + \/— 1)"^ = —4), 
so the map F* / F*^ — > F {^^Y I F {^^Y^ is not injective. 

The following lemma will complete the proof of Theorem 11.131 For the lemma, let G be a 
profinite group and let P and Q be closed normal subgroups of G with P ^ Q. Suppose Q/P is 
an abelian torsion group of exponent dividing some e G N. Let G — > (Z/eZ)* be any continuous 
group homomorphism. 

Lemma 1.15 Let R be a closed subgroup of G with P Q RQQ. Then, X{Q/R) C X(Q/P)(x) 
iff R is normal in G and G acts on Q/R via x~^- 

Proof. The action of G on Q by conjugation induces the action of G on Q/P; then G acts on 
X{Q/P) by {g ■ xl,){qP) = i;{g'^ ■ (qP)) = ij{g-^qg)P), for ah 5 G G, V G X{Q/P), q G Q. For 
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every closed subgroup R of G with P ^ R Q, the character group X{Q/R) embeds in X{Q/P) 
using the surjection Q/P ^ Q/R; we use this embedding to view X(Q/R) C X{Q/P). 
Now, suppose X{Q/R) C X(Q/P)W. This means that 

ij'ig-^ ■ (qP)) = ij'{q>^^9)p) for ah q e Q, g e G, e X{Q/R), (1.21) 
where ip' denotes the image of tp in X(Q/P). Observe that f] ker{'ip') = R/P. It follows 

■>p&X{Q/R) 

from H1.21() that for each r G R and 5 G G we have {g^^rg)P = r^(9)p g R/P. Hence, ii is a 
normal subgroup of G. So, G acts on Q/R, and ()1.21() translates to 

i^ig'^ ■ {qR)) = ip{q^^^^R) for ah g G Q, g G G, V G X{Q/R). (1.22) 

Because P| ker{ip) is trivial, it follows that 51 • (qR) = (qR)^^^ for all g G Q, (7 G G, i.e., G 

acts on Q/R via x"^, as desired. 

Conversely, if R is normal in G and G acts on Q/R via x^^i then g • ((7-R) = (qR)^ ^^^^ for all 
g £ G, q £ Q; so p.22|) holds, and this shows that G acts on X{Q/R) via x- D 

In the analysis of Demushkin groups as Galois groups in |MWi| and IMW2I , the authors needed 
to show that for any field F (char{F) ^ p) there is an action of Gp on TL/jPTL so that the map 
{G F / p'^'^) {G F / p"^) is surjective. This does not hold in general for the trivial action 

on (see Remark EiHl below) but the authors pointed out in IMW2I proof of Th. 2.2] that 

this does hold if we replace Z/p"Z by ^p^. Of course 'L/p^Z, = fipn as abstract groups, but they 
have different Gir-actions, and the action of Gi? on /Xpn is defined iff C F{p), iff jip C F. The 
present paper was originally motivated by the need to handle the case where fJLp'^ F (so p is odd). 
We will do this in Cor. 12.51 below, by realizing ^^H^{Gf, fJ-p"^)" as an eigenmodule oi L*/L*f'\ where 
L = F(iJ,p) (see Th. 12.3(1 . We also show in Th. 12.71 that the subgroups of ^^H^{Gf, fJ'p^)" classify 
certain abelian ^"-extensions of F{^pn) and such extensions of F{fj,pn) n F{p). 

We assume throughout this section that p is an odd prime number, and that F is a field with 
char{F) ^ p and that /ip ^ F. Then let L = F{fj,p), and let J, Gf, G, and H be as defined in 
the Introduction. Let Tf = Q{J/L). We need to give meaning to ^^H^{Gf, fJ-p^^)" , since fip^ is not 
a Gi?-module. One approach would be to take this to mean H"^ {T f : IJ^p^) since Tf — Gf and Tf 
does act on //pn. But we will take a somewhat different approach by replacing /ipn by a twisted 
version Ji^ on which Gf does act; then ^^H^{Gf, ^J-p^)" will be replaced by H^{Gf,Jj^), which is 
in fact isomorphic to H^{TF,fJ'p") — see Th. I2.3r iii). We will need to keep track of how twisting a 
module by a character affects the action of the Galois group on the cohomology groups of a normal 
subgroup, and this is described by our first lemma. 



15 



Lemma 2.1 Let G he a proEnite group, and let K be a closed normal subgroup of G. Let A be 
a discrete p'^-torsion G-module, and let x- G ^ (Z/p^Z)* be a continuous character such that 
K C icer(x). Then, for the x-twisted G-module as in (|l.c{jl above, 

W{K,A^)^H\K,A\ 

as G-(i.e., G/K-) modules. 

Proof. Let • denote the action of G on A and on Z^{K, A). Let * denote the action of G on A^ and 
on Z'^{K, A)^. So for the identity map j: A-^ — > A given by a i— > a, we have j{g * a) = x{9){9 " 
for all 5 G G, o G A. Since j is a ii'-module isomorphism, it induces a group isomorphism on 
continuous cocycles, j*: Z^{K, Ay.) Z^(K, A), given by j*{f) = j ° f ■ For k £ K , g £ G, write 



for g ^kg. Then, for all g £ G, f £ Z^(K, A^), ki, . . . , ki £ K , we have 



\j*ig.f)]iku...,h)=j{g*fikf,...,kf)) 

= X{9){9-J{f{kf,...,km 

= x{M9-nmki,...M)]. 

So, j*{9-f) = x{9)g-3*{f) = 9*j*{f), showing that j*, viewed as a (bijective) mapping Z'{K, A^) to 
Z'^(K, A)y is a G-module homomorphism. Thus, j* induces a G-module isomorphism W{K, Ay-) 
H'{K,A)y. □ 

We now return to our specific setting where Q = Q{L{p) / F), N = Q{L{p) / F{p)), etc. 

Lemma 2.2 Let A he any p-primary torsion abelian group which is a discrete G-module on which 
N acts trivially (i.e., A is a Gp-module). Then, there are Q-module maps 

H\Gf,A)^H\Tf,A)^H\Gl,A)^, and 
H\Gf,A) ^ H\Tf,A) ^ H^{Gl,A). 

Proof. Consider the commutative diagram of ^-module maps 



W{Gf,A) H'{G,A) 



W[rF,A) W{Gl,A) 



(2.1) 



Here the left vertical map is the isomorphism induced by the isomorphism Gf — > Tf, which is 
compatible with the actions of these groups on A, and with the action of G on these groups. The 
right vertical restriction map in (|2.1() has image lying in H^{Gl, A)^ = H^{Gl, A)^ (as H = G /Gl), 
and Gl acts trivially on H^{Gl, —)). Indeed, this map is injective with image all of W{Gl, A)^ as 
A is p-primary and G^ is the p-Sylow subgroup of G. (For, the map cor ores: H^{G, A) — > H^{G, A) 
is multiplication by \G/Gl\ = \H\ on the p-primary group H^{G,A), so it is an isomorphism. This 
shows res is injective. On the other hand, res o cor: H^(Gl, A) W{Gl,A) is multiplication by 
\H\ on W{Gl, A)^ , so it maps this p-primary subgroup to itself.) 
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Now, recall the five term exact sequence of low degree terms on cohomology associated with 
the short exact sequence l^N^G^Gp^l: 

-.h\Gf,A'') ^ H\g,A) ^ H\N,Af^ -,h^(Gf,A'') ^ H^{G,A) (2.2) 

Since A'^ acts trivially on A, we have H^{N,A) = Hom{N,A) (continuous homomorphisms); but 
Honi(N, j4) = as A is p-primary torsion and N has no cyclic factor groups of order p (as F(p) is 
p-closed). Thus ()2.2() shows that the inflation map H^{Gf,A) H^(Q,A) is an isomorphism, 
hence ()2.1|) shows H^(Tf,A) H^{Gl, A)^ is an isomorphism. Similarly, 1)2. 2|) shows that 
H^{Gf,A^) H^{g,A) is injective, so ^ yields the injectivity oiH^{rF,A) H^{Gl,A). □ 

We now apply these lemmas to the ^-module /Xpn. We need the following characters: First let 
a: ^ — > (Z/p"Z)* be the cyclotomic character for the action of G on /Xpn; that is, for all to S fipn 
and all 5 S ^ 

5(^)=^"(^\ (2.3) 
analogous to (|1.15|) above. Then, let 9: Q ^ {'L/p"''L)* be the unique character such that 

9\n = a and 9\g^ = 1. (2.4) 

(Such a 6* is unique because Q = N-Ql and it exists since a\N!^GL — (Ag{L{p)/j) = !•) Indeed, observe 
that 9 = aP""' has the properties specified in ^T^. For, since (Z/p"Z)* ^ (Z/p^-^Z) x (Z/(p-l)Z), 
our a must map the pro-p group G^ into 'L/p"-^^'L, so a^" = 1; also, as |A^/Gj| = l^l and 
\H\ I {p — 1), this a maps N into Z/(p — 1)Z, so a^" ^ Iat = a\i^. Note, in fact that 6 coincides with 
the prime-to-p part of a, i.e., the composition of a with the projection (Z/p"Z)* — > 'L/{p — 1)Z. 
Likewise, a9~^ is the j»-primary part of a. To get a G^-module structure from yUp^, we need to 
twist /Xpn by a character to get a trivial A^-action. But we use rather than in order to have 
a character trivial on Gl, so that we can invoke Lemma l2. II 

Theorem 2.3 Let JI^ = (/Xpn)g-i for tie character 6 defined in 1)2. 4|) above. Tien is a Gp- 
module, and 

(i) HHGf,Im) = i^i(G'L,/ip")(') = {L*/L*P")('); 

(ii) H\GF,J^^)-^H\GL.^ipr.)i(^); 

(iii) For ail i > 0, H^{Gf^Jj^) — H^i^FilJ-p") as groups, but Q acts trivially on W{Gf,]I^), 
while Q acts via 9 on (T p , fJ-p-'^) ■ 

Proof. Since N acts on fipn via a and 9\n- = a, N acts trivially on the 0~^-twist ]Ip^ of fipn. 
Hence, there is a well-defined action of Gp — Q /N on /x^. Because Gp — ^p, with the isomorphism 
compatible with the action of Q on these groups, and with the action of these groups on Ju^, we 
have the ^-module isomorphism H^{Gp,Il^) = H^{Tp,li^), for all i > 0. To prove (i), we have 
the isomorphisms 

- iH\GL,tipr^)e~^f = H\GL,fJip^)^'^ = (L7L*P")W, (2.5) 
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where the first isomorphism was just noted, the second is by Lemma 12.21 the third by Lemma l2.ll 
(since 9\g^ is trivial). For (ii), likewise, we have H'^{Gf,]I^) ^ H'^{Gl,Th^)^ — -f^^C^L, /"p")^^^- 
(iii) We have noted already that W{Gf,T'^) — H^i^F,]^) as ^-modules. Since ^|g^ = 1, we 
have Ji^i = fipn as Fi^-modules, so WiVp^Jj^) — H^(rF,fJ"p") as abelian groups. It remains to 
check the ^-actions. For this, note that asTC = Q{J / F{p)) acts trivially on F^r and trivially on Jip^, 
it must act trivially on H^{Tf, /V")- Since Tp also acts trivially on H^{Tf, Mp"), G{J/F){= TpxTi.) 
acts trivially on H'^(Tf,Il^). Because the ^-action on H^(Tf,]j^) is via G{J/F), this ^-action 
is also trivial; so G acts trivially also on W{Gf,Jj^)- On the other hand, the fact that Q acts 
trivially on H^{TF,it^) — H^{Tf, fJ'p")g-i translates to Q acts via 6 on W{Tf,IJ'p")- □ 

Remark 2.4 Since fip^®-' = {fj,pn'^^)g~3 , the analogue to Th. 12., 31 holds for every j G Z (with the 
same proof), with flp^®-' replacing Jj^ and 6^ replacing 6, except for the second isomorphism in 
Eli). 

We can now prove the result needed for |MWi| . 

Corollary 2.5 For any n £ N, the map H^{Gf,Ii^) — > H^{Gf,]j^) induced by the canonical 
epimorphisni — > JIp is surjective. 

Proof. Let a': Q {Z/pZ)* be the cyclotomic character given by a{uj) = w^'^'^) for all a G a 
and UJ £ /ip, i.e., a' is the n = 1 version of a; let 9' = a' . Note that a' is the composition of 
a: Q ^ (Z/p"Z)* with the canonical epimorphism (Z/p"Z)* (Z/pZ)*; also 9' is obtainable 
likewise from 9. Therefore, for any p-torsion ^-module A, twisting the ^-action on A by 9' is the 
same as twisting by 9. This applies to A = fip and to = L* /L*'^; in particular, the two possible 
interpretations of JIp coincide. 
Now, consider the diagram 

H\GF,jrf) (LVL*f")W 

1 ^^-^^ 

H^Gf^Kp) (LVL*P)(^') 

The horizontal maps here are the isomorphisms of Th. I2.3r i) for n and for 1. By checking the 
maps that led to the isomorphisms (see ()2.5() ). we can see that diagram ()2.6() is commutative. Note 
also that as 9\gi^ = 1, 9 may be viewed as a character on H. Hence (L* / L*p" )^^'^ is one of the 
i?-eigenmodules in the direct decomposition of L*/L*p as in (113]) above, and {L* / L*p)^'^"i is the 
corresponding iif-eigenmodule of L* / L*^ . Since the epimorphism L*/L*p" L*/L*^ is an H- 
module map, the right vertical map in 1)2. 6(1 is onto. Hence the left map in 1)2. 6|) is also onto, as 
desired. □ 

Remark 2.6 The surjectivity proved in Cor. 12.51 definitely depends on the choice of the group 
action on the cyclic group of order p". Note, by contrast, that for the case of trivial Gi?-action the 
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canonical map 

H\Gf,Z/p''Z) — >H^{Gf,Z/pZ) (2.7) 

is not in general onto. For, surjectivity of the map in (|2.7() is equivalent to: every cyclic Galois 
extension of F of degree p embeds in a cyclic Galois extension of degree p". This is not always 
true, as the following example illustrates: Let S be the rational function field S = Q(a;i, . . . ,Xp) 
and let a be the Q-automorphism of S given by cyclically permuting the indeterminates. Let F 
be the fixed field of a; so S is Galois over F of degree p. Let L = F{uj) where uj £ fi*, and let 
T = S{u!) = Q(a;)(xi, . . . , Xp), which is a cyclic Galois extension of L of degree p. If T lies in a cyclic 
Galois extension of L of degree p^, then a theorem of Albert IA2I p. 207, Th. 11] says that there 
is a £ T such that Nx/Lio^) = ^- However, using the unique factorization in Q{uj)[xi, . . . , , one 
sees that then there is a constant (3 S Q{uj) such that N'^/iif^) = ^- But N-^/LiP) = (3^ as (3 G L, 
and CO is clearly not a p-th power in T. So, there can be no such field K, and hence there is no 
cyclic extension of F of degree p'^ containing S. 

The subgroups of H^{GftJ^) classify certain field extensions. To describe this, let M = 
F{fipn), and let E = M D F{p), which is a cyclic Galois field extension of F with E{iip) = M. 
Slightly abusing notation, let a9~^ denote also the character for Q{E/F) and for Q{M/F) induced 
by a9~^ on ^;likewise, let a denote also the character for Q{M/ F) induced by a on Q. 

Theorem 2.7 The subgroups of H^{Gf-,Jj^) are in one-to-one correspondence with the abelian 
field extensions S of E such that S is Galois over F and Q{E/F) acts on Q[S/E) via a9~^. 
They are also in one-to-one correspondence with the ahelian p" held extensions T of M with T 
Galois over F, T <^ J , and Q{M/L) acts on Q{T/M) via a.. 

Proof. We have 

H\Gf,T^^) = H\GL,fipr^f'^ = H\GM,fipnf') ^ H\Gm,{Z/p^Z)J'^ 

where the first isomorphism is by Th. l2.Hr i). the second is the restriction of the ^-isomorphism 
H'^{GL,^J-p«) = H^{Gk, Hp"f^^^^^^ (see (fTTTni V the third is from the ^-isomorphism /ipn ^ {Z/p^'L), 
the fourth by the ^-isomorphism in Lemma l2. II By Lemma Il.l5( the subgroups of X{M/M)^^"' 
are in one-to-one correspondence with the fields T such that M Q T Q M (i.e., T is an abelian 
^"-extension of M), T is Galois over F, and Q (hence also Q{M/F)) acts on Q{T/M) via aO'"^. 
When this occurs, Q{M/E), which lies in icer(a^~^), acts trivially on Q{T/M), so by Prop. EH (with 
E replacing F), T <^ J. Also, since Gl C ker{0), the character a9^^ agrees with a on Q{M/L). So, 
the conditions on T are the ones stated in the theorem. Conversely, if T satisfies these conditions, 
then since Q[M/L) acts on Q{T/M) via a (which agrees with a9~^ on Q{M/L)) and Q{T/E) acts 
via a9~^ (i-e., trivially) on Q{T/M), we have Q{M/F) acts on Q{T/M) via a^~^, so T is involved 
in the one-to-one correspondence. These fields T, since T ^ J, correspond by Prop. ITTll to fields 
S C F{p) (where S = Tr\ F{p) and T = S{np) ) such that S is Galois over F, Q{S/E) ^ g{T/M), 
and Q{E/F) acts on Q{S/E) the same way as Q{M/L) acts on Q{T/M), i.e., via a9^^. □ 
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Remark 2.8 An alternate way of obtaining the first one-to-one correspondence of Th. 12.71 is to 
observe that 

where the first isomorphism follows as in the proof of Cor. ILllf i). since H^(Q{E/F),'jI^) = 
H\g{M/L),]I~^) ^ H\g{M/L),iXpn) = Ofor i = 1,2, bv LemmaOl The subgroups of 
correspond to the specified abelian p"-extensions of E by Lemma 11.151 



3 Cyclic algebras of degree p 

One of the oldest unsettled questions in the theory of central simple algebras is whether every 
division algebra of prime degree p must be a cyclic algebra. This is known to be true for p = 2 and 3, 
but unsettled for every p > 5. We now describe a possible approach to finding a counterexample 
which arises from the analysis of the relations between structures over F and those over L = F{fip). 
We have not succeeded in using this approach to obtain a counterexample, but feel that it is of 
sufficient interest to be worth describing. A byproduct of this work is a slight generalization of 
Albert's characterization of cyclic algebras of prime degree. See Theorem 13.61 below. 

We will be working here with cyclic algebras and symbol algebras. Our notation for these is 
as follows: If T is a cyclic Galois field extension of a field K of degree m with Q[T /K) = (r) and 

m—l 

a G K* , we write {T/K,T,a) for the m'^-dimensional cyclic ET-algebra ^ Tx*, where x"^ = a and 

i=0 

xcx~^ = t(c) for c G T . If fim ^ K (so char{K) f m) and ( £ fj,^ and a,b £ K* we write (a, h; K)(^ 
for the m^-dimensional symbol algebra over K with generators i,j and relations i™" = a, j*" = 6, 
and ij = Qji. For any integer k with gcd{k,m) = 1, note the isomorphism 

{a,b;K\ ^ {a\h;K)^,. (3.1) 

For, if i,j are standard generators of {a,b\K)(^ as above, then also generate {a,b;K)Q, and 
they satisfy the relations on generators of {a^ , b; K)Qk. 

Throughout this section F is a field with char{F) / p and fip ^ F, and L = F{fip). Also, Q, J, 
and H are as defined in the Introduction. Let Br{F) denote the Brauer group of equivalence classes 
of central simple F-algebras, and for a field K ^ F, let Br{K/F) denote the kernel of the scalar 
extension map Br{F) Br{K); let pnBr{F) (resp. p'^Br{K/ F)) denote the p"-torsion subgroup 
of Br{F) (resp. Br{K/F)). We have the standard isomorphism Br{L{p)/F) ^ H^{g,L{p)*). The 
long exact cohomology sequence arising from the short exact sequence of ^-modules p.l9p above, 
together with the cohomological Hilbert 90 |(]F| p. 124, Prop. 3], which says that H^{Q, L{p)*) = 0, 
yields the familiar fact that pnBr{L{p) / F) = H'^{Q,iipn). The Merkurjev-Suslin Theorem (see |MS[ 
Th. 11.5] or [Sri p. 149, Th. 8.5]) says (as fip G L{p)) that pBr{L{p)) is generated by symbol algebras 
of degree p. Since L{p) has no cyclic field extensions of degree p, we must have pBr{L{p)) = 0, so 
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pnBr{L{p)) = 0; this yields 

pnBr{F) ^ H'^{g,^ipn), and likewise, p^Br{L) ^ H'^{Gl, ^^p^). (3.2) 

Lemma 3.1 pnBr{F) = {pnBr{L))^ where H = Q{L/F). Moreover, this isomorphism preserves 
the Schur index. 

Proof. Because Gl is a (in fact, the unique) p-Sylow subgroup of Q and fipn is p-primary torsion, 
the restriction map res: H'^{Q,iXpn) H'^{Gl, ij^pn)^ is an isomorphism. (This can be seen by 
considering cor o res and res o cor, as noted in the proof of Lemma 12.21 ) The isomorphism in the 
lemma now follows by (|3.2() . since the second isomorphism in 1)3.2(1 is a ^-module isomorphism. 
(See e.g. ^ p. 50] for the action of G on Br{L).) 

The restriction map in cohomology corresponds to the scalar extension map pnBr{F) {pnBr{L)) 
For a central simple i^-algebra A, A = Mt{D), i.e., t xt matrices over a division ring D, then by 
definition the Schur index of A is ind{A) = dimp^D). If [A\ e pnBr{F), then ind{A) is a power 
of p, so dimp{D) is a p-power. Then, D^pL \s a. division algebra, since g'cd([L : F], dimp{D)) = 1 
(cf. P p. 67, Cor. 8]). Thus, ind{A 0p L) = ind{D (g)p L) = ind{D) = ind{A), as desired. □ 

Corollary 3.2 For J = F{p){pLp), if (pBr( J))^^"'/^^^)) / 0, then there exist division algebras of 
degree p over F{p) which are not cychc algebras. 

Proof. By Lemma O with F{p) replacing F, if (pBr(J))^("'/^(P)) / 0, then pBr{F{p)) 7^ 0. 
By a theorem of Merkurjev [M| Th. 2], the group pBr{F{p)) is generated by algebras of degree p. 
No such algebra can be a cyclic algebra, since F{p) has no cyclic field extensions of degree p (see 
Cor. O above). □ 

We will give examples in §4 of fields F such that pBr{ J) 7^ 0, but the far more difficult question 
of nontriviality of (pBr(J))^('^/^(P)) remains unsettled. 

Lemma 13.11 suggests a further possibility: There may be a central simple division algebra A 
over L of degree p with [A\ G Br{L)^ , such that A is a cyclic algebra over L, but the inverse image 
of A in pBr{F) is not a cyclic algebra. This possibility becomes more plausible when we recall that 
the cyclic field extensions of F of degree p correspond only to a portion of those of L, cf. Prop. EH 

We can put this in sharper focus using the iif-eigendecomposition of pBr(L) and L* / L*^ , where 
H = Q{L/F). Let xi^---tXs be the distinct characters Xj : -ff — > (Z/pZ)*, with xi the trivial 
character; let a: H ^ (Z/pZ)* be the cyclotomic character, as in (|1.15|) above. Since H acts on 

s 

the p-torsion abelian group pBr(L), we have pBr{L) = pBr(L)fe) as in (|1.7|) above. Lemma l3. II 

i=l 

shows that pBr{F) = pBr{L)^^^\ A central simple L-algebra A of degree p which is a cyclic 
algebra is a symbol algebra, A = {a,b;L)^, where to G /i*. For a £ H, we have a[{a,b; L)^] = 
[(cr(a), o"(5); L)(^(^)]. Note the complication introduced because a acts on to, as well as on a and b. 
If [a] and [b] lie in eigencomponents of L*/L*P, then [A] lies in an eigencomponent of pBr(L), as 
we now describe. The next lemma appears in M . We include a short proof for the convenience of 
the reader. 
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Lemma 3.3 Let x,i' be characters: H (Z/pZ)*. If [a] G (L*/L*f)(x) and [b] G {L* / L*p)^'('\ 
then [{a,b;L)^] G pBr(L)(^'^""'). 

Proof. Recall [D| p. 80, Lemma 4] that the symbol algebra {a,b;L)^ depends up to isomorphism 
only on the classes [a] and [b] of a and b in L*/L*P. With ()3.1|1 above, this yields that for any 
aeH, 

a{a,b;L)^ - (cT(a), ct(6); L),(,) - {a^('^\b^('^'> ; L)^^,., - (a>^W°M-\ L)^ . 

Because the class [(a, b; L)^] in pBr{L) is bimultiplicative in a and 6 [D1 p. 80, Lemma 4], this yields 
a[{a, b; L)^] = [(a, 6; in pBr(L), as desired. □ 

Proposition 3.4 Let x - H ^ {^/p^T be a character. Take any a,b e L* with [a] G {L*/L*p)'^^^ 
and \b] G (L*/^*^)^"-^ \ and let A = (a, b; L)^^. Then, there is central simple algebra B of degree 
p over F with B ®p L = A. Furthermore, B is a cyclic algebra iff there exist a',b' G L* with 
[a'] G {L*/L*P)^''^ and [b'] G {L*/L*p)^ such that A ^ {a',b';L)^. 

Proof. By Lemma ESI and Lemma EH [A] G (pBr(L))("''^(">^~')) = {pBr{L))" = im{pBr{F)). 
Because the scalar extension map pBr(F) — > pBr{L) is index-preserving (see Lemma L-i.lj) . there is 
a central simple F-algebra B of degree p with B ®f L = A. Suppose i? is a cyclic algebra, say 
B = {S/F,a,c) where 5 is a cyclic field extension of F of degree p, Q{S/F) = (cr), and c G F* . 
Let T = S ■ L which is a cyclic field extension of L of degree p, and let a' G Q{T/L) be the 
generator such that a'\s = cr. We have T = L{^\fal) for some a' G L* , and a' can be chosen so that 
cj'(^) = uj-^^. By Prop.HITl [a'] G [L*/L*Pf°'\ while [c] G FVF*p ^ {L*/L*p)^. Thus, we 
have A = B 0p L = {T/L, a' , c) = (a', c; L)(^, as desired. 

Conversely, suppose A = {a',b';L)^, as in the Prop. Since a' G {L*/L*p)^"\ we know by 
Prop. 11.71 that there is a cyclic field extension 5 of F of degree p, such that S ■ L = L{-\fa!). 
Let a' be the generator of Q{S ■ L/L) such that a'{^fa!) = uj^^ -^fd , and let a = (t'\s. Since 
[b'] G {L*/L*P)^ ^ F*/F*P, there is c G F* with [c] = [6'] in LVL*^. Then, B 0f L ^ A ^ 
{S/F,a,c) (dp L, so B = {S/F,a,c) since the map Br{F) Br{L) is injective by Lemma l3Tl □ 

Remark 3.5 Prop, mi suggests a way of obtaining a noncyclic algebra of degree p over F, but we 
must necessarily start with a character x - H ^ (Z/pZ)* diff'erent from a and the trivial character 
Xi. We would need [a] G {L*/L*p)^^^ and [b] G (LVL*^)"^"') such that .4 = {a,b;L)^ is a division 
algebra, but A is not expressible as {a',b';L)^ for any [a'] G {L*/L*p)^"^ and [6'] G {L*/L*p)^. If 
[L : F] < 2 then there are not enough different characters, and the Prop, is of no help. In this 
connection, recall Merkurjev's result Th. 1, Lemma 2] that if [L : F] < 3, then pBr{F) is 
generated by cyclic algebras of degree p. 

The approach in Prop. E31 leads to a slight generalization of Albert's characterization of cyclic 
algebras of prime degree. This theorem has recently been proved independently by U. Vishne, see 
Th. 11.4]. 
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Theorem 3.6 Suppose p f [F{p,pn) : F]. Let D be a division algebra of degree over F. Then, 
D is a cyclic algebra over F if and only if there is a j £ D with 7^" G F* — F*'^. 

Proof. Suppose first that D is a cycHc algebra, say D = (C/F,a,b). Then, there is 7 G D with 
7P" = b. If 6 G F*P, say b = (P , then for 6 = 'yP"~^ d'^ we have 6 £ D - F and 6p = I. So, 
1 < [F{6) : F] <p, contradicting [F{6) : F] \ dimpiD). Hence, b e F* - F*P. 

Conversely, suppose there is 7 G I? with 7^" G F* — F*p, say 7^" = c. Let M = F{ppn). The 
assumption that p \ [M : F] implies that M = F{pp) (see Lemma ll.9j) . Let E = D ®f M. Since 
E contains the cyclic Galois field extension M{^) of degree over M, this E must be a cyclic 
M-algebra; hence, E = (a,c;M)^ for some a G M* and uj G /i*n. Let Xij - ■ ■ jXs be the distinct 
characters mapping H = Q{M/F) with xi the trivial character, and let a be the 

cyclotomic character (see ()1.15|) ). So we have, as [M : F], the eigendecompositions 

M*/M*P" ^ fl{M*/M*P")^^''^ and pnBr(M) ^ 0(pnBr(M))fc) (3.3) 

i=l i=l 

by (dm above. Write [a] = f\[ai] in M*/M*p", where [a^] G (M*/M*P")fe). Then, in pnBr{M), 

i=l 

we have ^ ^ (o, c; M)^ ~ (g)(ai, c; M)<^. Also, [c] G {M* / M*p" )^^^^ asc G F*; so each {ai,c;M)^ G 

pnBr{MY^^°' ) by the analogue to Lemma 13.31 Thus, each {ai,c; M)^ lies in a different direct 
summand of pnBr(AI) in the eigendecomposition of ()3.3() . Since [F] G pnBr{M)" = pnBr{MY^^\ 
we must tiavG -£/ ~ (^j i ^! -^'^^lo 

in pnBr(M), where XjO ^ = Xij i-6-, Xj = ct; dimension count shows 
that E ^ (aj,c;M)^. But, since [a^] G (M*/M*p")(°), the field extension M( p;ya7) = S ■ M for 
some cyclic field extension S" of F of degree p", by Prop. lTTTl Then, E = {S/F, t,c)<^f M for some 
generator r of Q{S/F). Since the map pnBr{F) — > pnBr{M) is injective by Lemma l3.1l (as M = L), 
we have D = {S/F, r, c), as desired. □ 

Remark 3.7 Albert's result is the n = 1 case of Theorem 13.61 (see |Ail Th. 5] or |A4l p. 177, 
Th. 4], for which the condition p \ [F{p,p) : F] always holds. Our proof of Theorem l3.6l is similar to 
Albert's, though Albert used different terminology, which somewhat veiled his use of eigendecom- 
positions. The theorem is false without the assumption that p f [F{ppn) : F]. Albert gave in IA3I 
a counterexample with = 4, and there are presumably examples with odd p also. 



4 Valuations on J 

As usual, let L = F{fip), with L / F (so p / 2), let H = Q{L/F), and let J = F{p){fip). 
In this section we will look at some of the mod p arithmetic of J in order to investigate pBr{J). 
This is motivated by the question discussed in §3, whether pBr{J)^ can be nontrivial. We will 
use valuation theory, which is sometimes a useful tool in verifying that central simple algebras are 
division algebras. 
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Remark 4.1 Take any field K with L (1 K (1 J and [K : L] = p. Then, by Albert's theorem 
(see Prop. O above), K = L(^), for c e L* with [c] G {L*/L*p)^"\ where a: H ^ i^/p^)* is 
the cyclotomic character, as in above (with n = 1). By Kummer theory, the map L* /L*^ 

K*/K*P has kernel ([c]) C (L*/L*p)*-"\ Consequently, for any other character x- H ^ (Z/pZ)*, 
X 7^ a, the map [L* / L*^)^^^ ^ j{*p'^(x) jg injective. It follows by iteration and passage to the 

direct limit that the map {L*/L*pf^^ {J*/J*p)^^^ is injective for each x 7^ «• Thus, {J*/J*p)^^'^ 
can be nonzero for each x 7^ a, though necessarily (J*/J*^)*-°^ = 1 by Albert's theorem, as F{p) has 
no Galois extensions of degree p. It is a more difficult question when or whether division algebras 
of degree p over L remain division algebras after scalar extension to J. We will use valuation theory 
to make some inroads into this question. 

We will use the following notation: Suppose i^T is a field and is a valuation ring of K. (This 
means, in particular, that W has quotient field K). Let Mw denote the maximal ideal of W; let 
W = W/Mw, the residue field of W; and let A\y denote the value group of W (written additively). 
For a field K' D K, an extension of W to K' is a valuation ring W' of K' such that W H K = W. 

Example 4.2 Let k be any field with char{k) ^ p and fip ^ k. Let F be the twice iterated 
Laurent power series field F = k{{x)){{y)). Then, F has the Henselian valuation ring V = k[[x]] + 
yA;((a;))[[y]], with V = k. Iff: F* Ay is the associated valuation, then Ay = ZxZ, with right-to- 
left lexicographical ordering, with v{x) = (1,0) and v{y) = (0, 1). Then, F{p) = k{p){{x)){{y)) and 

oo 

J = k{p){fip){{x)){{y)), while L{p) = [j k{np)ip){{x^/P')){{y^/P')). (The description of F{p) and 

i=l 

J follows from Th. 14.51 below, but can be seen more directly using the fact that since fip k = V 
there is no field extension of F of degree a power of p which is totally ramified with respect to V, 
cf. pp. 161-162, (20.11)] or, more explicitly, |J W[ Cor. 2.4] .) The unique extension of V to J 
is Z = A;(p)(//p)[[a;]] + yk{p){fj,p){{x))[[y]] with Az = Ay = Z x Z; let z: J* Az be the associated 
valuation. For any uj £ fj,*, let D = (x,y; J)^ (see §3 for the notation). Because the images of 
z{x) and z{y) in Az/pAz are Z/pZ-independent, we know by |JWl Cor. 2.6] that z extends to a 
valuation on D; so, in particular, D is a division ring. Thus, pBr(J) is nontrivial. Since x and y are 
//-stable, it is tempting to think that [D] should be //-stable. But, in fact, [D] lies in pBi{J)^°' 
but not in pBr{J)^ because of the nontrivial action of H on fip. 

We will consider valuation rings on J as extensions of ones on V. For this, let us now fix 
a valuation ring y of F with char{V) 7^ p. Let Wi, . . . ,Wi be the extensions of V to L. Let 
T = Wi n . . . n We, which is the integral closure of V in L. This notation will be fixed for the rest 
of this section. Recall pp. 95-96, Th. (13.4)] that the maximal ideals of T are A'^i, . . . Ne, where 
Ni = Mvy. n T, and that each Wi is the localization T/y. . 

Proposition 4.3 Let V be a valuation ring of F with char{V) 7^ p. Let Wi, W2, . . . , Wi be the 
valuation rings of L extending V. Then, each Wi = V{fj,p) and A]y. = Ay. Also, £[V{fip) : V] = 
[L:F]. 
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Proof. Let w G /i* C L, and let / G F[x\ be the monic minimal polynomial of lo over F. Then, 

P-i 

/ G V[x\ as a; is integral over V , which is integrally closed; also, / ^ x* in F[x], and hence 

i=0 

_ _ P-i . 

in V[x\ by the Division Algorithm, as / is monic. So, the image / of / in V[x\ divides ^ in 
_ _ _ j=0 

y[x]. This shows that the roots of / are all primitive p-th roots of unity, and / has no repeated 

_ k _ _ 

roots. So, if / = (7i is the irreducible monic factorization of / in V[x\ then the gi are distinct 

_i=l 

and deg{gi) = \V{^p) : V]. Since fF[x] n V[x] = fV[x] by the Division Algorithm, we have 
V[u;]^V[x]/fV[x], so 

V[u;]/MvV[u;] ^ V[x]/{Mv,f) ^ V[x]/(f) ^ ^V[x]/{g,), 

i=l 

a direct sum of fields. The inverse images in V[uj] of the k maximal ideals of y[u;]/-/Vfvy[Li;] are 
maximal ideals Pi, . . . , Pk of V[uj] such that each PiDV = My and V[uj]/Pi = V[x]/{gi) = V{fip). 
Because T is integral over V[ij], for each Pi there is a maximal ideal Ni of T with Ni riV[uj] = Pi. 
Then, for Wt = Tn,, we have Wi ^ T/Ni D V[uj]/Pi ^ By the Fundamental Inequality, [0 

p. 128, Cor. (17.8)] or % Ch. VI, §8.3, Th. 1], we have 

k k 

[L:F] > ZW^ -.v] \Awr- ^v\ > EWi-.v] 

i=l i=l 

> E[yif^p)-y] = Edegig.) = degif) = [L : F] . (4.1) 

i=l i=l 

Hence, equality must hold throughout 1)4. 1() . Therefore, each Wi = V{fip) and = Ay, and 
k = [L : F]/[V{^p) : V]. Furthermore, (|4.1() and the Fundamental Inequality show that Wi, . . . , 
are all the extensions of V to L; so I = k. □ 



Remark 4.4 Let S be any Galois extension field of F of degree p, and let U be any extension of V 
to S. Then, [C/ : | [S* : F] = p, as S/F is Galois. Consequently, U and V{^p) are linearly disjoint 
over V, and hence [U{fip) : U] = [V{^p) : V]. It follows by Prop. applied to C/ in 5 in place of 

V in F that the number of extensions of U to S{pp) is i. Since any field S' with -F C S" C F{p) 
and [S' : F] < cxD is obtainable from F by a tower of degree p Galois extensions (see Prop. 11.11) it 
follows by iteration that every extension of V to S' has exactly i extensions to S'{fip). Because 
this holds for every finite degree extension S' of F in F{p), it clearly holds for every field S" with 
F C 5" C F{p). 

The main result of this section describes the residue field and value group of any extension of 

V to J. In case fip V (i.e., £ = [L : F], hy Prop. this will require looking at two pieces of 
Ay. For this, let P be the union of all prime ideals *p of F such that V/^ contains no primitive 
p-th root of unity. Since the prime ideals of V are linearly ordered by inclusion, it is clear that P is 
a prime ideal of V (possibly P = (0)), and P is maximal with the property that fip ^ V/P. (Note 
also that for every prime ideal Q P, we have fip ^ V/Q. For, if fXp C V/Q, then fip C V/P, as 
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char{V/P) ^ p-) The localization Vp of F at P is a valuation ring of F (a "coarsening" of V); 
let V = V/P, which is a valuation ring of Vp. Recall (BJ Ch. VI, §4.3, Remark] that there is a 
canonical short exact sequence of value groups: 

^ ^ Ay — > Avp ^ (4.2) 

Theorem 4.5 Let V be a valuation ring of F with char{V) ^ p, and let £ be the number of 
extensions of V to L. Let Ybe any extension of V to F{p). Then, Y = V{p). If fip V, then 
Ay = Ay. If Hp C V, let P be the prime ideal of V maximal such that fip ^ V/P, as above, 
and let Q be the prime ideal of Y with Q DV = P; let Y = Y/Q. Then, Ayq = Ay^, while 
Ay = 0z Ay. Furthermore, Y has exactly i different extensions Z\, Z2, . . . ,Zi to J, and 

each Zi = Y{pLp) and A^. = Ay. 

Note that in view of the exact sequence like (|4.2|) for Ay, the theorem determines Ay completely. 
It says that when we view Ay as in the divisible hull Q ®i Ay of Ay, then Ay is the subgroup 
generated by (g)^ Ay (the p-divisible hull of A^) and Ay. 

To prove the theorem we will analyze the range of possibilities for value groups and residue 
fields of extensions of V to degree p Galois field extensions of F. This will be done in terms of 
the corresponding extensions of L, where we can invoke Kummer theory. To facilitate the analysis, 
we need some information on the eigencomponents of induced modules, which is given in the next 
proposition. 

Let H = (a) be a cyclic group of finite order s, and let H = {cr"^) for some m \ s. Let A 
be any i?-module, and let B be the induced //-module, B = Ind-jj^j^A = 7L\Ii\ C^^jt^] A. So, as 

m—1 

abelian groups B = ^ a"^ ® A, where each a"^ (i) A = A. The left action of H on B arises from the 
multiplication action of H on 7j[H]. That is, 

fj • (id ao + (T ai + ... + cj™""^ Om-i) = 

id cr™ • am-i + a ao + a"^ ai + ... + cj'^~^ ® ara~2 ■ (4.3) 

Proposition 4.6 With H = (a) and H = (cr™) as above, let A be an H-module which is e-torsion 
for some integer e. Let B = Ind-jj^j^A, as above. Let x- H ^ (Z/eZ)* be any character. Then the 

m—1 

projection map ■k: B ^ A given by ^ o"* 1-^ oq maps B^^^ bijectively onto A^^^'h\ where xIjy 
is the restriction of x to H. 

m—1 m—1 

Proof. Let 6 = a^^Ui £ B. Note that since a"^ G H, we have a"^-b= Yl ® o-™(ai). Now, 

i=0 i=0 

b G S(>^) iff cj • 6 = x{<^) b, iff 

«o = x(f^)ai, ai = x{cr)a2, am-2 = x{(^)am-i, and a"^ ■ Um-i = xi(^)ao ■ (4.4) 

If 6 G then a™(ao) = 7r(o-™ • b) = TT{x{a)"'b) = x(o-'")(ao). Hence, ao G A'^^\h\ Furthermore, 

if ao = then 1)4. 4() shows that each aj = x(^)~*'3^o = 0; so tt maps B^^^ injectively to A^^^ti\ 
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On the other hand, if we take any oq G A^^^h\ then a"^ ■ uq = x('7™)flo = x('7)™'oo; so, if 
we choose ai = x(o-)""^ao, = x(c^)~*«o, am-i = x(f^)"*-'"~"^^oo, then cr'" • a^.i = 

a"^ ■ {x{(^)~^^~^'^ 0,0) = x(<7)^^'"~^''c™' ■ oo = x(f'")ooi so the equations in (|4.4j) are satisfied, showing 
that ao G 7r(B(x)). Thus, vr: 5^^) ^ A^^Itt) is a bijection. □ 

We can now prove Theorem 14.51 
Proof of Theorem \4-5\ It was noted in Remark 14.41 that Y has exactly £ extensions to J. The 
assertions about Zj and Az fohow by applying Prop. E^l to Y in F{p) in place of V in F. It remains 
to analyze Y and Ay. For this, we look closely at what can happen with Galois p-extensions of F. 
These are difficult to get at directly, so we look at the corresponding extensions of L. 

Let us now select and fix one of the i extensions of V to L; call it W. Let w: L* ^ A\y be 
the associated valuation. Now, let c G L* - L*p with [c] G {L*/L*p)^'^\ and let K = L(^). Let 
S = F{p) r\ which we know by Prop. 11.71 is a degree p Galois extension of F. (Moreover, all 
such Galois extensions of F arise this way.) Let i? be a valuation ring of K with Rr\ L = W; let 
r: K* Ar be its valuation, and let U = RCi S, which is a valuation ring of S with U Ci F = V. 
The description of R and U breaks down into three possible cases: 

Case I. w{c) ^ pAw. Then, since r(-^) = j^w{c) G Ar, the Fundamental Inequality implies 
that Aji = (|w(c)) + Aw- By Prop. E31 applied to J7 in 5 instead of V in F, we have Au = Ar = 
{^w{c)) + Ay. So \Au : AvI = p = [S : F], and the Fundamental Inequality shows that U = V 
and U is the unique extension of V to S. 

Case II. w{c) G pAw- Then, by modifying c by a p-th power in L, we may assume that 
w{c) = 0. Let c be the image of c in W. For this Case II, assume that c ^ W*^. Then R contains 

= which is not in W. So, the Fundamental Inequality implies that R = W{-^). Because 
p = [R -.W] \ [R -.V] hut p \ [R : U] by Prop. ESI applied to U in S, we have p \ [U : V]. The 
Fundamental Inequality implies that [U : V] = p, Au = Ay, and U is the unique extension of 
V to S. We noted earlier that U is Galois over V. A comparison of degrees over V shows that 
R = U ■ W so R is abelian Galois over V. Thus, U is the unique cyclic Galois extension of V of 
degree p within R. 

Case III. w{c) G pA\Y, so we may assume w{c) = 0. For this Case III, assume that c G W*^. 
We claim that there are p different valuation rings of K extending W. For, consider the sub- 
ring VF[^/c] of K. Since — c is the minimal polynomial of ^ over L, we have VF[^/c] = 
n {xP — c)L[xfj = W[x]/{xP — c)W[x], where the last equality follows by the Division 
Algorithm for monic polynomials in W[x]. Hence, W[^]/MwW[^ = W[x]/{Mw,xP - c ) = 
— c). Because c G W*^ and /Zp C W, x^ — c factors into distinct linear terms in 

T4^[x], say x^ — c = {x — di) . . . {x — dp). Then, the Chinese Remainder Theorem shows that 
p 

W[x]/{xP -c) = ^W[x]/{x-di). Because W[^]/MwW[^] thus has p maximal ideals, 

i=l 

has at least p maximal ideals. Let C be the integral closure of W in K. Since C is integral over 
C has at least p different maximal ideals, say A^i, . . . ,Np. Each localization Ri = is 
a different valuation ring of K with Ri D L = W. The Fundamental Inequality shows that there 
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must be exactly p of the as claimed. 

Now, since Q{S/F) acts transitively on the valuation rings of S extending V jE| p. 105, (14.1)], 
the number of such extensions is either 1 or p. There are at least p extensions of y to X (namely, 
the but every extension of ^ to S" has I <p — 1 extensions to K by Prop. lOl applied over S. 
Hence, there must be more than one, so exactly p extensions of V to S, call them C/i, . . . , Up. The 
Fundamental Inequality shows that each Ui = V and A;/. = Ay. This completes Case III. 

We must still see what constraints are imposed by the condition that [c] G [L*/L*p)^"\ For 
this, let H = Q{L/F) = (a), as usual, and let H = {t £ H \ t{W) = W}, the decomposition 
group of W over V . Because H acts transitively on the set of extensions of F to L and there i such 
extensions, \H : H\ = £, so H = (cr^). Each r £ H maps W to itself, so induces an automorphism r 
of W. Recall |E| p. 147, (19.6)] or [ZSl p. 69, Th. 21] that the map H g{W/V) given by r i-^ r 
is a group epimorphism. By Prop. we have \H\ = \H\/£ = [L : F]/l = \Q{W /V)\, and therefore 
the map H — > Q(W /V) is an isomorphism. Also, because r acts on the p-th roots of unity in W 
according to the action of r on the p-th roots of unity in L, the cyclotomic character a for Q{W /V) 
corresponds to the restriction al;^^. 

Observe that the distinct extensions of y to L are a^{W) for < i < ^ — 1. Each /S.^ny/^ is 
canonically identified with A^y inside the divisible hull of Ay, and for the associated valuation Wi 
of a^(yV) we have Wi = w o a"*. Likewise, for 0<i<£— Iwe identify a'^iW) with W using the 
isomorphism a^: W ^ a^{W) induced by a*: — > a^{W). So, for c E a'^{W), we have c G a^{W) 
corresponds to cj^*(c) in W. 

We can now determine Y. 

View W* as an ff-module, where t £ H acts by r. Let Indjj^jjW* be the induced H- 

module described before Prop. 14.61 with m = £. Recall that T denotes the integral closure of V 

e-i 

in L, so T = fl a'{W) E, p. 95, Th. 3.3. (b)]. Let 7: T* ^ Ind-jj^j^W* be the map given by 

i=0 

i-i . ^ 

7(t) = Yl (the bar denotes image in W ). The surjectivity of 7 is equivalent to the 
i=0 

assertion that for every ro, . . . ,r£_i £ W there is t £ T* with a~'^{t) = rj in for each i, i.e., 
t = a'^{ri) in cr*(VF). This holds by the Approximation Theorem [El p. 79, Th. (11.14)] or |ZS[ 
p. 30, Lemma 2]. (For this the valuation rings a^{W), . . . ,a^~^{W) need not be independent, just 
incomparable. This result uses only the Chinese Remainder Theorem applied to T.) Also, since 
o"^-(T~(^^^)(t) = cr^((T~(^~^)(t)) = (T{t), we have cr-^{t) = 'y{a{t)), so 7 is an ff-module epimorphism. 
Therefore, the corresponding map T*/T*P Indjj^^{W /W is an iZ-module epimorphism. So, 
(T*/T*P)^'^^ maps onto {lnd-jj^^{W* /W*^))''''\ which by Prop. EH projects onto {W* /W*^)''"\ 
That is, for any a £ W* - W*^ such that [a] £ {W* /W*^)^"'^ there is t e T* with [t] = [a] in 
W* /W*''' . If we choose c = t, then for the resulting K = Li^^fc) we are in Case II above, with 
7? = W(^) = VF(^), and V is the de gree p Galois extension of Y within R. Since we can do 
this for any [a] £ (WV^*^) , Prop. O shows that every Galois extension of V of degree p is 
realizable as some C/, and so lies in Y . 
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Now, F{p) is the direct limit of finite towers of Galois extensions of degree p starting with F 
(see ProD. [TTT|) . If S' is the top field in such a tower, then y n S*' is obtained from V hy a. succession 
of Galois extensions of degree 1 or p. Hence y H 5' C V{p) for each S', and therefore Y C V{p). 
But, iteration of the argument in the preceding paragraph shows that any finite degree extension 
of V within V{p) is obtainable as y H S"' for a suitably built S' . Hence, Y = V{p), as desired. 

We now determine Ay. 

For the trivial //-module Aw, we have the induced //-module Indjj^jjAw- Let [3: L* ^ 

Ind-jj^jjA\y be the map given by d i-^ ^ <^Si w{a~'^{d)). Since ■ w{a^^^^^^d)) = w{a{d)), as 

woa^ = w and acts trivially on Aw, this (3 is an //-module homomorphism. By reducing mod p 
we obtain an //-module homomorphism f3: L* / L*^ — > Ind-jj^fj{Aw/pAw)- So, for our c £ L* used 
to define K, since [c] e (L*/L*p)("\ we have P[c] G {Indjj^jjAw/pAw)''"\ so Prop. EH shows that 
w{c) +pAw G iAw/pAwY°'^H). 

Suppose first that fip ^ V. Then, i < s = [L : F], hy Prop. ESI so H, of order s/£, is nontrivial. 
Since the cyclotomic character a has order s, its restriction a|-^ has order \H\, so is nontrivial. 
Since H acts trivially on A^y, it follows that (Ayy / pAyy)^"^'^^ = (0). Now, the only way we could 
have Ajj larger than Ay is if our c is in Case I above. But then we would have w^c) ^ pAw, 
yielding a nontrivial element in the trivial group {Aw / pAw)^"^^^ ■ Since this cannot occur, we see 
that Case I never arises when fip ^ V. Therefore, Ajj = Ay for every degree p Galois extension S 
of F. It follows by iteration and passage to the direct limit that Ay = Ay, as asserted. 

Now suppose instead that fip C V. Prop. 14. HI shows that i = s, i.e., there are s different 
extensions Wi, . . . , Ws of to L. Consider first the extreme case where Hp '^V/p for each nonzero 
prime ideal p of V. For any such p, the extensions of the localizations Vp to L are the localizations 
Wip, . . . , Wsp. (Each Wip coincides with the localization of Wi at its prime ideal lying over p.) Since 
fJ-p ^ Vp, which is the quotient field of V/p, Prop. applied to Vp shows that Vp has s different 
extensions to L. (The Prop, applies, as char{Vp) ^ p.) So, Wip / Wjp for i ^ j. Now, for each 
i, the rings between Wi and L are the Wip as p ranges over the nonzero prime ideals of V. Since 
Wip ^ Wjp for i / j, it follows that the valuation rings Wi, . . . , Wg are pairwise independent, i.e., 
there is no valuation ring of L (smaller than L itself) containing both Wi and Wj for any i ^ j- 
Because of this independence, the Approximation Theorem (see ^ p. 80, (11.16)]) applies, and 
shows that our map /3: L* Ind-jj^^jAw is surjective; so j3: L* /L*^ Ind-jj_^^{Aw / pAw) is 
also surjective, so it is also surjective when restricted to the a-eigencomponents. By Prop. 14.61 
{lnd-jj_^^{Aw /pAw))^"'' projects onto {Aw /pAw)'^°'^'h\ which here is all of Aw /pAw since \H\ = 
1 as ^ = s. This means that for any e G Aw — pAw there is c G L* such that [c] G (L*//y*^)^"^ 
and w{c) = e {mod pAw)- If we let K = L{^) for this choice of c, then we are in Case I above, 
which shows that Ajj = Aji = (^e) -|- A^y. Since this is true for any e G Aw — pAw, it follows 
by iteration and passage to the direct limit that Ay = lim ^Ay = Z[l/p] 0x Ay- This is what is 
asserted in the theorem, since in the extreme case we are now considering P = (0), so = ^ and 
Y = Y. 
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We handle the general situation by combining the cases previously considered. Suppose /Xp C V. 
For the prime ideal P defined in the theorem, we have /ip ^ which is the quotient field of V/P. 
Now, Yq is an extension of Vp to F{p). Since fip ^ Vp and char{Vp) ^ p, by applying to Vp the 
argument given previously for V we obtain Ayq = Ay^, as desired. Furthermore, Yq = Vp{p). 
Thus, Y = Y/Q can be viewed as an extension oi V = V/P from Vp to Vp{p). By the choice of P, 
the extreme case considered in the previous paragraph applies to V. Hence, Ay = (gig Ay. 

□ 

Example 4.7 Let Fq = Q{x,y), the rational function field in two variables over Q. Let Vq = 
Q[^](x) + yQ{x)[y]{y)- Here, we are localizing first with respect to the prime ideal (x) of Q[x], and 
second with respect to the prime ideal (y) of Then, Vq is a valuation ring of Fq with 

Vq = Q and Ay^ = Z x Z. If vq: Fq — > Ay^ is the associated valuation, then vq{x) = (1,0) and 
vo{y) = (0,1). Note that Vq is the intersection with Fq of the standard Henselian valuation ring 
on Q((x))((y)) described in Ex. 14.21 above. For any odd prime p, let F = Fq(^1 + x). To see how 
Vo extends to F, let T be the integral closure of Vq in F, and let S = Vo[-^l + x] C T. Since 
S ^ Vo[t]/{tP - (1 + x)), we have 

S/MvoS = Vo[t]/{tP - (1 + x)) ^ Q[t]/(tP - 1) ^ Q[t]/(t - 1) © Q[t]/{tP-^ + . . . + 1) ^ Q © Q(/.p) . 

So, T, being integral over S, has at least two maximal ideals A'^i and with Q C T/Ni and 
Q(/^p) ^ -^2- The Fundamental Inequality shows that for the extensions Vi = Tjy- of Vq to F, we 
have Vi = Q, V2 = Q(/^p), and Ay^ = Avj = Ay^ = Z x Z. Furthermore, Vi and V2 are the only 
extensions of Vq to F. If Yi is any extension of Vi to F{p), then Th. 14.51 shows that Yi = Q{p) 
and Ay-^ = Z x Z. Let p be the prime ideal yV2. Then, V2/P = Q{x){^l + x), which does not 
contain /ip. So, p is the prime ideal P of Th. 14.51 for ^2- Since Ay^/p = Z X 0, Th. ESI shows that 
Ay^ = Z[l/p] X Z while ^ Q(/Up)(p). 

Remark 4.8 We had hoped to use valuation theory to construct an example of a nonsplit algebra 
of degree p in pBr{J)^ . However, we will now show why Th. 14.51 does not help in this. Let be a 
valuation ring of F with char{V) 7^ p, let W be an extension of ^ to L with associated valuation 
w. L* ^ Ayy, and let Z be an extension of W to J. There are three types of symbol algebras 
A = (a, b; L)^ (with a,b £ L* and uj £ fi*) for which it is known that w extends to a valuation 
on A, and hence A is a division algebra: (1) w{a) and w{b) map to Z/pZ-independent elements 
of A\y /pA]y. Then, cf. |JW[ Cor. 2.6], the valuation ring of A is tame and totally ramified over 
W, with residue division algebra V and value group {^w{a), j^'w{b)) + Aw- (2) w{a) ^ pAw 
and w{b) = 0, and for the image 6 of 6 in Vl^ we have b ^ W . Then, cf. |JW| Cor. 2.9], the 
valuation ring of A is semiramified over W, with residue division algebra W{'^) and value group 
i^wia)) + Aw (3) w{a) = w{b) = and {a,b;W) jj is a division ring. Then, the valuation ring 
on A is unramified over V, with residue algebra (a,b;W)ij and value group Ay\r. For, if i and j 

are standard generators of A = (a, b; L)^, then it is easy to check that the map u: A — {0} A\y 

1 p— 1 

given hy u[J2 J2 '^rs i^j^) = niin{w{crs) \ Crs / 0} (c^s £ L) is a valuation on A with the specified 

r=0 s=0 
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residue algebra and value group. (The proof is similar to but easier than the proof of |JW[ Th. 2.5].) 
Since type (3) reduces the problem of obtaining a division algebra to the same problem over the 
residue field, it is not helpful for constructing examples, and we will not consider this type further. 

Suppose we choose a, 6 G L* so that for some character x- H ^ Z/pZ*, we have [a] G (L* /L*^)^^^ 
and [b] G (LVL*P)("^"'\ Then, [A] G pBr{L)^ by LemmaESl so [A^lJ] e pBr{J)^ . but, we will 
see that the valuation conditions that assure A is a division algebra break down over J. Suppose first 
that Hp ^ V; so, in the notation of Th. 14.51 and its proof, i < [L : F] and H is nontrivial. Suppose 
w{a) ^ p^w] then as in the proof of Th. 14.51 Prop. ITBl implies that the image of w{a) is nontrivial 
in Aw /pAw^'^^^'H^ ; this forces x\it to be trivial, as H acts trivially on Aw- Hence, ax~^\-ff = aj-^, 
which is nontrivial and is identified with the cyclotomic character a for G{W/V). The nontriviality 
of ax~^\jY forces w{b) G pAw, so we may assume ■w{b) =0. If 6 ^ W*^, then A is a division algebra 
of type (2). But, Prop. ESI implies that &_maps to {W* /W*^)^"^ ''"^^ = {W* /W*^)^''\ Hence, 
on passing to J we find that b G {Z* / Z*'')^°'\ which is trivial as Z ^ V{p){np)—see Remark O 
This means that b G Z*'^, and we have lost the conditions for type (2) for Ai^l J. Likewise, if 
w{b) ^ pA]y, then we are forced to have w{a) G pA]y, and when we adjust a so that w(a) = 0, the 
same argument as just given shows that a G Z*^. Thus, we have not been able to obtain a type (1) 
or a type (2) valued division algebra in pBr{J)^ when /ip ^ V . 

Suppose instead that /ip C V. Since Z = V{p){fj,p) = V{p) and /Xp C V, Z* / Z*^ is trivial. 
Therefore, we will not obtain any valued division algebras of degree p of type (2) or type (3) over J. 
We are left to search for type (1) division algebras. Thus, we may assume that w{a) and w{b) are 
Z/pZ-independent in Aw/pAw- Here H is trivial, but choose the prime ideal P of y as in Th. 14.51 
and let *P be the prime ideal of W with ^nV = P, and H the (nontrivial) decomposition group of 
VFsp over Vp; let wsp be the valuation of Wrp. We have an //-module homomorphism 7: L* /L*^ 
indjj^jj{Aw^/pAw^) so since [a] G {L*/L*p)^^^ we find that 7(0] G (ind^^^(Ap^^/pAvi/^))^^\ 
By Prop. it follows that w^{a) G (AvK.p /pA^y^) Since H acts trivially on Aw^ , this 

implies that ti'«p(a) G pAw^ or xlg is trivial. If W(p(a) G pAw^, we can modify a by a p-th power 
in L* to assume that W'rp{a) = 0; but then, for W = W/^ the exact sequence like (|4.2() for Aw 
shows that w{a) G A^. But then, Th. 14.51 shows that w{a) G pAz, so that (a, 6; J)uj is not a type 
(1) valued division algebra over J. On the other hand, if xlfj is trivial, then ax~^\H = c^l^i which 
is nontrivial. Hence, the argument just given for a now shows that wib) G pAz, so again we do not 
obtain a type (1) valued division algebra over J. 
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